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Abstract
Heterogeneously typed sequences are frequently used in dy-
namically typed programming languages. These sequences
often exhibit patterns in terms of types, such as repetition,
alternation, and optionality. The programmer needs a mech-
anism to designate or query adherence to these regular pat-
terns. Regular languages and the theory of finite automata
over finite alphabets was conceived for a similar purpose,
but does not exactly meet this challenge because the set of
potential elements of the sequences is infinite. In this article,
we present a generalization of regular expressions called
regular type expressions as a means of designating regular
patterns in heterogeneous sequences. We formalize the con-
nection to symbolic finite automata. We present a procedure
for constructing a symbolic finite automaton based on the
Brzozowski derivative and demonstrate the construction of
𝜎-DFAs in a dynamic programming language equipped with
a simple type system.
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1 Introduction
1.1 Motivation
In statically typed languages, such as Java or C++, se-
quences of fixed types exist such as Array[String],
e.g., ["ab","cd","xyz"], or List[Double], e.g.,
List(1.0,1.1,1.2), which represent sequences for
which all the elements are of type String or all the
elements are of type Double. In a language whose type
system forms a type lattice [13], it is possible to declare an
Array[String|Double] to represent a sequence for which
each element is in turn either a String or a Double, e.g.,
["ab",1.1,1.2,"cd","xyz"]. By contrast, dynamically
typed languages, such as Python, support sequences of
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arbitrary elements, where any element of the sequence may
be an object of any type whatsoever.
Even if the language supports these heterogeneous se-

quences, it is rare that the types of elements in a sequence are
completely random. It is often the case in a given program,
that the types of the elements follow some pattern which is
implicit in the mind of the programmer and hopefully docu-
mented in the comments of the functions and data structures.
In such a case the programmer writes code which assumes
the elements to be a certain type, or writes ad-hoc code to
check the contents of the sequences at runtime.
Common Lisp [2] allows the programmer the flexibility

to build a sequence of arbitrary types of elements, but also
allows the programmer to make type declarations which
make promises to the compiler about those types. These
promises allow the compiler to generate optimized code or
efficient memory allocation in many cases.

What is otherwise lacking from many dynamic languages,
and which we address in this article, is a mechanism for
the programmer to declare the type patterns which are ex-
pected, allowing the sequences to be efficiently type-checked
at runtime, and thereafter to allow the application code the
safety of making simplifying assumptions about the data in
question.

1.2 Our Contribution
We present a technique for recognizing certain heteroge-
neous sequences based on the types of their constituent ele-
ments. The technique involves designating sets of sequences
based on so called rational type expressions (RTEs), and con-
structing symbolic finite automata [7] (𝜎-DFAs) from them.
The 𝜎-DFAs, thus constructed, are used to perform compu-
tations on finite sequences whose constituent elements are
taken from an infinite set of values supported in a dynamic
programming language.

Our contributions in this article are as follows. We

1. present a variant of symbolic finite automata, which
we call 𝜎-DFA;

2. formalize the connection of RTEs in programming
languages which support simple type systems to 𝜎-
DFAs;

3. generalize the Brzozowski derivative technique to con-
struct 𝜎-DFAs in a programming language equipped
with a sufficiently powerful simple type system; and

4. adapt previous Common Lisp-based work for use in
other dynamic languages, and publish a new sample
implementation of RTEs in Clojure.
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1.3 Previous Work
In [16] Newton presented a technique to reason about types
of heterogeneous sequences in Common Lisp. In the current
work, we formalize the technique and generalize it to such
sequences in a wider range of dynamic languages.

In [16], Newton used deterministic finite automata (DFA)
to recognize certain sequences based on the types of values
therein. In the same work, Newton introduced the concept of
RTE as a means of declaratively specifying such sequences.
RTEs characterize these sequences of values analogously to
how regular expressions from classical finite automata (FA)
theory characterize strings of letters in regular languages.
The clojure-rte implementation bears some resem-

blance to the Clojure Spec library, https://clojure.org/guides/
spec. We have not found peer reviewed articles explaining
the theory behind Spec, although Hickey [11] mentions its
existence. Thus far, private conversations between experts
have lead us to contradictory conclusions that Spec is not
based on FA theory at all, and other claims that it is based on
NFA (non-deterministic finite automata) work by Might et
al. [15]. An NFA-based sequence recognition procedure (pre-
sumably using backtracking) would have at least polynomial
complexity, whereas our approach offers linear complexity.
More research is needed to determine how much overlap
exists between these two systems.

1.4 Outline of this Article
This paper is presented as follows. Section 2 generalizes
classical FA to present 𝜎-DFAs by means of a formal def-
inition and examples. Section 3 presents the rational sets
and rational languages which are associated with 𝜎-DFAs.
Section 4 describes the assumptions we make about this
programming language in order to use 𝜎-DFA to recognize
regularly typed sequences. Section 5 generalizes the Brzo-
zowski derivative [6] to support RTEs. The section states
the basic formulas needed to construct a 𝜎-DFA based on a
regular type expression, and presents intuitive examples. Sec-
tion 6 describes the procedure to construct a 𝜎-DFA using the
Brzozowski derivative presented in the previous section, and
states an explicit algorithm. We take special care to explain
how our development differs from classical finite automata
theory. Section 7 presents a brief description of two sample
implementations (in Common Lisp [2] and Clojure [10, 11])
which are publicly available. We conclude in Section 8 by
explaining some of our perspective future work.

2 Symbolic Finite Automata
In this article, we consider FA similar to that shown in Fig-
ure 1. These FA are called 𝜎-DFA, which will be formally
defined in Definition 2.2, but first we convey an intuition to
aid in understanding the formalism.

𝑞0 𝑞1 𝑞2

𝑞3

even
odd

negative

positive

{0}
integer

integer

Figure 1. Example of 𝜎-DFA, with the transitions from each
state partitioning the set of integers.

2.1 Intuition
Whereas a classical FA has transitions which are labeled with
letters from a finite alphabet (elements of a finite set), the
transitions of a 𝜎-DFA are labeled with symbols denoting
sets of elements of a possibly infinite set. In fact the 𝜎 in
𝜎-DFA stands for symbolic. An important restriction on the
automaton is that if we consider the set of transitions origi-
nating at any given state, then every element of the alphabet
is applicable to exactly one transition. In other words, the
transitions of every state partition the alphabet. In Figure 1,
if we consider state 𝑞1, any element, 𝑖 of the integers, then
exactly one is true: 𝑖 ∈ {0}, 𝑖 ∈ positive, or 𝑖 ∈ negative.
D’Antoni and Veanes [7] argue that the generalization

that we present retains many of the good properties of their
finite-alphabet counterparts. As the reader might imagine,
many intuitions about FA carry over to 𝜎-DFA, but as we
will see, some do not. We must modify the classical theory
in some subtle ways. To start with, a 𝜎-DFA differs from a
classical FA in two significant ways.

1. We do not assume the alphabet to be finite.
2. Transitions are labeled not by individual elements from

the alphabet, but rather by symbols representing pos-
sibly infinite sets of such elements.

2.2 Deterministic Finite Automata
If 𝐴 and 𝐵 are sets, then we denote the power set of 𝐴 as
𝔓(𝐴). The power set of the power set is denoted𝔓2 (𝐴).
We denote the disjoint set relation as 𝐴 ∥ 𝐵; i.e., 𝐴 ∥ 𝐵

means 𝐴 ∩ 𝐵 = ∅. 𝐴 ̸∥ 𝐵 means 𝐴 ∥ 𝐵 is false. The symbol
⊔

indicates the finite union of mutually disjoint sets.
We denote the subset relation as 𝐴 ⊂ 𝐵.
We now state precise definitions for core concepts in our

treatment of 𝜎-DFA. Readers who are less interested in pre-
cise, rigorous definitions may skip directly to Example 2.5
where we clarify the definitions with examples.

Definition 2.1 (disjoined, partition). A finite set of possibly
infinite sets, 𝐴 = {𝐴1, 𝐴2, ...𝐴𝑛}, is said to be disjoined if its
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elements are pairwise disjoint. 𝐴 is said to be a partition of
its union, 𝐵; i.e., if 𝐵 =

⊔𝑛
𝑖=1𝐴𝑖 , (𝐴𝑖 , 𝐴 𝑗 pairwise disjoint). △

Definition 2.2 (𝜎-DFA). A 𝜎-deterministic, complete finite
automaton, or 𝜎-DFA, is a structure: 𝐴 = (Σ, 𝑄, 𝜉, 𝑞0, 𝐹 , 𝛿)
where:

1. Σ is a possibly infinite set of objects.
2. 𝑄 is a finite set of states.
3. 𝑞0 ∈ 𝑄 is the initial state.
4. 𝐹 ⊂ 𝑄 is the set of accepting states.
5. 𝛿 : 𝑄 × Σ → 𝑄 is the transition function between

states.
6. 𝜉 : 𝑄 → 𝔓2 (Σ) 𝑠 .𝑡 . ∀𝑞 ∈ 𝑄 :

⊔
𝜉 (𝑞) = Σ.

7. ∀ 𝑞 ∈ 𝑄 ∃ 𝛿𝑞 : 𝜉 (𝑞) → 𝑄 . △
Axioms 6 and 7 of Definition 2.2 may be difficult to under-

stand on casual reading. These axioms describe a partitioning
function, 𝜉 , which specifies how the alphabet, Σ, is finitely
partitioned for each state𝑞. By axiom 6, we mean that for any
state, 𝑞, that Σ is finitely partitioned into a set, 𝜉 (𝑞) ⊂ 𝔓(Σ).
By axiom 7, we mean that for each element of such a parti-
tion, 𝜐 ∈ 𝜉 (𝑞), there is a transition, 𝑞 𝜐−→ 𝛿𝑞 (𝜐). Definition 2.3
gives notation associated with transitions.

Definition 2.3 (transition). Let 𝐴 = (Σ, 𝑄, 𝜉, 𝑞0, 𝐹 , 𝛿) be a
𝜎-DFA, and let 𝑞 ∈ 𝑄 , 𝜐 ∈ 𝜉 (𝑞), and 𝑟 = 𝛿𝑞 (𝜐); then 𝑞

𝜐−→ 𝑟 is
called the transition from origin 𝑞 to target 𝑟 with label 𝜐. △

Our definition of transition for 𝜎-DFAs differs subtly from
the corresponding definition in classical FA theory. [12] Clas-
sically, a transition from an origin state to a target state is
labeled by an element of Σ, whereas in our case a transition
is labeled with a subset of Σ.

Definition 2.4 (sink state). A 𝜎-DFA may have a state, 𝑞
(not necessarily unique), such that 𝜉 (𝑞) = {Σ} and 𝛿𝑞 (Σ) = 𝑞;
i.e. 𝑞

Σ−→ 𝑞. Such a state is called a sink state. △
By our terminology, every 𝜎-DFA is complete. I.e., each

state maps the entirety of Σ to the states 𝑄 . However, when
displayed graphically, we usually omit drawing any sink
states. Thus it may appear from the graph that

⊔
𝜉 (𝑞) ≠ Σ.

In Figure 1 we may simply omit drawing state 𝑞3 and any
transitions having 𝑞3 as target. We may do this because all
sink states are indistinguishable.
Example 2.5 (A 𝜎-DFA).
We now clarify some of the definitions and notations intro-
duced thus far by showing a 𝜎-DFA over the set of integers;
Σ = integer . Equations (1), (2), and (3) imply three partitions
of integer .

integer = even ⊔ odd (1)
= positive ⊔ {0} ⊔ negative (2)
= integer (3)

In the 𝜎-DFA shown in Figure 1 of Section 2,
𝐴 = (Σ, 𝑄, 𝑞0, 𝐹 , 𝛿), 𝑄 = {𝑞0, 𝑞1, 𝑞2, 𝑞3}, and 𝐹 = {𝑞2}.

Transitions with origin 𝑞0, 𝑞1, and 𝑞2 each correspond to the
different partitions.

The values of 𝜉 are: 𝜉 (𝑞0) = {even, odd}
𝜉 (𝑞1) = {positive, {0}, negative}
𝜉 (𝑞2) = 𝜉 (𝑞3) = {integer} △

The 𝜎-DFA is deterministic and complete, because each
of 𝜉 (𝑞0), 𝜉 (𝑞1), and 𝜉 (𝑞2) is a partition of Σ.⊔

𝜉 (𝑞0) = even ⊔ odd = Σ⊔
𝜉 (𝑞1) = positive ⊔ {0} ⊔ negative = Σ⊔
𝜉 (𝑞2) =

⊔
𝜉 (𝑞3) = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 = Σ

Example 2.6 (Automaton not deterministic).

𝑞0 𝑞1 𝑞2

even
positive

negative

positive

even

This automaton fails to be deterministic because

𝜉 (𝑞0) = {even, positive}
which is not disjoined; even ̸∥ positive. △

2.3 Alternative interpretation
Another way to think an 𝜎-DFA is by imagining the transi-
tions labeled with letters from Σ as in the classical case. I.e.,
think of the graph in Figure 1 as having transitions 𝑞𝑜

1−→ 𝑞1,
𝑞𝑜

3−→ 𝑞1, 𝑞𝑜
5−→ 𝑞1, etc, but rather than drawing infinitely

many transitions, we instead group the transitions between
any two pair of states into skiens [27], and label the skiens

with a set such as 𝑞0
{1,3,5,...}
−−−−−−−→ 𝑞1. Since a graph with finitely

many vertices, 𝑉 , has finitely many skiens (at most |𝑉 |2),
even if it has infinitely many edges.

Using this alternative interpretation, we may conveniently
take 𝑞

∅−→ 𝑟 to mean that there is no transition from 𝑞 to 𝑟 ,
because the set of transitions 𝑞 to 𝑟 is the empty set.

Definition 2.7 (satisfiable). The transition 𝑞
𝜐−→ 𝑟 is called

satisfiable if 𝜐 ≠ ∅, and is called non-satisfiable if 𝜐 = ∅.

The challenge of determining programmatically whether
a transition is satisfiable is addressed in Section 4.2.

3 Rational Sets and Rational Expressions
In Section 2 the 𝜎-DFA was presented as a graph. In Section 6
wewill construct such a graph programmatically. To describe
such a construction, wewill need a tool called the Brzozowski
derivative, the development of which a set theoretical repre-
sentation needed. We present that set theoretical view in this
section. Just as there is a homomorphism between DFA and
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rational expressions, there is an analogous homomorphism
between 𝜎-DFAs an regular type expressions (RTEs). [16, 19]

3.1 Sequences and Sets of Sequences
Definition 3.1 (sequence). A sequence, 𝑠 , of length 𝑛 ≥ 0 on
set Σ, is a function which maps the closed integer interval
[1, 𝑛] into Σ; i.e., 𝑠 : [1, 𝑛] → 𝐴. We may denote the 𝑖𝑡ℎ
element of a sequence either as 𝑠 (𝑖) or as 𝑠𝑖 . We may likewise
denote the sequence element-wise as (𝑠1 𝑠2 ... 𝑠𝑛).
In the case that 𝑛 = 0, 𝑠 : ∅ → Σ is denoted () and called

an empty sequence. △

Definition 3.2 (Σ∗). We will take Σ∗ to mean the set of all
sequences of any finite length on Σ. △

Definition 3.3 (concatenation). If 𝑓 , 𝑔 ∈ Σ∗, then we define
the concatenation of the sequences 𝑓 and 𝑔 as the sequence
on Σ comprising 𝑓 followed immediately by the sequence of
characters comprising 𝑔. Such a concatenation of sequences
is denoted by 𝑎 · 𝑏, or as 𝑎𝑏 when it is unambiguous. △

Definition 3.4 (𝐴 · 𝐵). If 𝐴, 𝐵 ⊂ Σ∗, then we define 𝐴 · 𝐵 as
follows: 𝐴 · 𝐵 = {𝑓 · 𝑔 | 𝑓 ∈ 𝐴 and 𝑔 ∈ 𝐵}. △

Theorem 3.5. The set concatenation operator is associative.
If 𝐴, 𝐵,𝐶 ⊂ Σ∗, then (𝐴 · 𝐵) ·𝐶 = 𝐴 · (𝐵 ·𝐶).

The proof follows from associativity of sequence concate-
nation.

Definition 3.6 (𝐴𝑛). If 𝐴 ⊂ Σ∗, then we define 𝐴𝑛 to mean

𝐴𝑛 =

{
{()} if 𝑛 = 0
𝐴 · 𝐴𝑛−1 if 𝑛 > 0 . △

If we also think of 𝐴2 intuitively as 𝐴 · 𝐴, then we have
two definitions for 𝐴2; i.e. 𝐴2 = 𝐴 ·𝐴 vs. 𝐴2 = 𝐴 ·𝐴1. It is not
hard to show that these two definitions define the same set.
See [16, Corollary 3.13,p 40] for details.

Definition 3.7 (𝐴∗). If 𝐴 ⊂ Σ∗, then 𝐴∗, the Kleene closure
of A [12], denotes the set of sequences,𝑤 , such that𝑤 ∈ 𝐴𝑛

for some 𝑛 ∈ N. △

Definition 3.8 (tail). If 𝑎 is a sequence of length 𝑛 > 1 on
set Σ, then we define tail(𝑎) (the tail of a) as sequence of
length 𝑛 − 1 such that (tail(𝑎)) (𝑖) = 𝑎(𝑖 + 1) for 1 ≤ 𝑖 < 𝑛. △

Definition 3.9 (cons). If 𝑎 is a sequence of length 𝑛 on set Σ,
and if 𝑥 ∈ Σ; then we define the cons of 𝑥 with 𝑎, denoted
𝑥 :: 𝑎 to be the sequence of length 𝑛 + 1 such that

(𝑥 :: 𝑎) (𝑖) =
{
𝑥 if 𝑖 = 1
𝑎(𝑖 − 1) if 𝑖 ≤ 𝑛 + 1 . △

Definition 3.10 (⌊𝐴⌋, singleton sequence). If𝐴 ⊂ Σwe take
⌊𝐴⌋ to mean the set of sequences of length 1

⌊𝐴⌋ = {(𝑎) | 𝑎 ∈ 𝐴} = {𝑓 ∈ Σ∗ | 𝑓0 ∈ 𝐴 and tail(𝑓 ) = ()} .
Each element of ⌊𝐴⌋ is called a singleton sequence. △

3.2 Clarifying the Notation
The notations 𝐴1 vs. ⌊𝐴⌋ may unfortunately be confusing.
We clarify the respective meanings of ⌊𝐴⌋1 and ⌊𝐴1⌋, which
both reduce to ⌊𝐴⌋.
If 𝐴 ⊂ Σ∗ then 𝐴1 = 𝐴. However, if 𝐴 ⊂ Σ then ⌊𝐴⌋ ⊂ Σ∗

is the set of singleton sequences, each a sequence of length 1.
Moreover, as Σ∗ ⊂ Σ, (the reason for which is discussed in
Section 4) then if 𝐴 ⊂ Σ∗ it is still makes sense to talk about
⌊𝐴⌋. If𝐴 ⊂ Σ∗ then ⌊𝐴⌋ is a set of singleton sequences whose
elements are themselves sequences.
Since ⌊𝐴⌋ ⊂ Σ∗ we know that ⌊𝐴⌋1 = ⌊𝐴⌋. As an ex-

ample let 𝐴 = {(1, 2, 3), (1, 2, 3, 4)} ⊂ Σ∗ ⊂ Σ then ⌊𝐴⌋ =
{
(
(1, 2, 3)

)
,
(
(1, 2, 3, 4)

)
}.

If 𝐴 ⊂ Σ, then ⌊𝐴⌋1 = ⌊𝐴⌋. As an example let 𝐴 =

{1, 2, 3, (4, 5)} ⊂ Σ, then ⌊𝐴⌋ = {(1), (2), (3), ((4, 5))}.

3.3 Rational Sets
Definition 3.11 (rational set, LΣ). The set LΣ ⊂ 𝔓(Σ∗)
(i.e. each element of LΣ is a subset of Σ∗) is defined by the
following recursive definition.

∅ ∈ LΣ (4)
{()} ∈ LΣ (5)
⌊𝐴⌋ ∈ LΣ ∀𝐴 ⊂ Σ (6)

(𝐴 ∪ 𝐵) ∈ LΣ ∀𝐴, 𝐵 ∈ LΣ (7)
(𝐴 · 𝐵) ∈ LΣ ∀𝐴, 𝐵 ∈ LΣ (8)

𝐴∗ ∈ LΣ ∀𝐴 ∈ LΣ (9)

LΣ is the set of rational sets on Σ. Each element of LΣ is
called a rational set △

The reader may wonder why Axiom (6) is assumed in our
treatment, but is unnecessary in classical FA theory. The
answer is because the axiom follows from other principles if
Σ is finite.
In classical FA theory, where Σ is finite, a weaker axiom,
{(𝑎)} ∈ LΣ ∀𝑎 ∈ Σ is assumed; i.e. a singleton set of contain-
ing a length-1 sequence is rational. The property analogous
to Axiom (6) is thereafter a logical consequence of Axiom (7)
and finite induction. This induction-based argument fails in
our case when Σ is infinite.

Theorem 3.12. If 𝐴, 𝐵 ∈ LΣ, then 𝐴 ∩ 𝐵 ∈ LΣ, and
𝐴 \ 𝐵 ∈ LΣ.

The proof of Theorem 3.12 is beyond the scope of this
article but involves arguing that (1) every rational language
can be recognized by a 𝜎-DFA, (2) every 𝜎-DFA recognizes
a rational language, (3) the synchronized cross product [18,
Sec 4] may be used to produce a 𝜎-DFA representing the in-
tersection or relative complement of two rational languages.

Definition 3.13 (regular type expression, RTE). A regular
type expression or RTE, over Σ is an expression which rep-
resents a set of sequences on Σ. We may think of the RTE
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as generating the possibly infinite set of finite sequences, or
any element of the set as matching the RTE.

As a matter of notation, we take 𝑆 = J𝑟K to mean that the
regular type expression, 𝑟 , generates the set 𝑆 .

If𝐴 ⊂ Σ, and 𝑓 and 𝑔 are RTEs, then the following are also
RTEs.

Definition Name Generated Set
∅ Empty J∅K = ∅
𝜀 Unit J𝜀K = {()}
⌊𝐴⌋ Singletons J⌊𝐴⌋K = ⌊𝐴⌋
𝑓 · 𝑔 Concatenation J𝑓 · 𝑔K = J𝑓 K · J𝑔K
𝑓 ∨ 𝑔 Alternation J𝑓 ∨ 𝑔K = J𝑓 K ∪ J𝑔K
𝑓 ∧ 𝑔 Intersection J𝑓 ∧ 𝑔K = J𝑓 K ∩ J𝑔K
¬𝑓 Complement J¬𝑓 K = Σ∗ \ J𝑓 K
𝑓 𝑛 Exponentiation J𝑓 𝑛K = J𝑓 K𝑛
𝑓 ∗ Kleene Star J𝑓 ∗K = J𝑓 K∗

Note that the complement RTE, ¬𝑓 , generates the set of
finite sequences which fail to match 𝑓 , rather than the set of
all sequences failing to match 𝑓 . △
Definition 3.14 (+ and ?). As notation, we take 𝑓 + to mean
𝑓 · 𝑓 ∗, and we take 𝑓 ? to mean 𝜀 ∨ 𝑓 . △
Theorem 3.15. If 𝐴 ⊂ Σ∗ is generated by some RTE, then
𝐴 ∈ LΣ.

The proof, which we omit for brevity, follows from Theo-
rem 3.12 as well as Definitions 3.11 and 3.13.

4 Programming Language Supporting RTEs
In Section 2 we defined 𝜎-DFAs. In Section 3 we defined
rational sets and RTEs. In the sections which follow we de-
scribe the construction of 𝜎-DFAs which recognize elements
of rational sets designated by RTEs.

This section describes the abstractions we expect in a pro-
gramming language in order to support the rational sets we
intend to recognize. In particular we define a simple type sys-
tem which is a type system sufficiently powerful to express
rational sets as types, and also sufficiently flexible allow the
construction of 𝜎-DFAs to recognize them.
Suppose Σ is the set of values (sequences and otherwise)

expressible in some programming language, and that Σ∗
denotes the set of all sequences whose values come from Σ.
There is a notable difference between classical rational

expressions and RTEs with regard to the relation of Σ and
Σ∗. In classical FA theory, Σ is isomorphic (�) to a subset of
Σ∗: Σ being the set of letters, which is isomorphic to the set
of single letter words Σ1; and Σ∗ is the set of all words. This
means that Σ � Σ1 ⊂ Σ∗. However, in our theory of rational
expressions over infinite alphabets, Σ∗ ⊂ Σ.

4.1 A Simple Type System
Different programming languages make different assump-
tions about types. We assume a type system which behaves
as Definition 4.1.

Definition 4.1 (type, simple type space, simple type system).
Let Σ denote the set of all values expressible in a given pro-
gramming language. A simple type space,𝔓(Σ), is the set of
sets of values from Σ. Each subset of Σ is called a type.
A simple type system is a simple type space, along with

a set, Υ of type designators. Each 𝜐 ∈ Υ designates a type
denoted by J𝜐K.
In addition to some basic data types which differ from

language to language, (e.g., number, string, bignum), the
set, Υ contains the following type designators.

Type Type
Designator Description
⊤ J⊤K = Σ, the set of all values.
⊥ J⊥K = ∅,
{𝑎} J{𝑎}K = {𝑎}. The singleton type containing

only 𝑎 ∈ Σ
{𝑎1, 𝑎2, ...𝑎𝑛} J{𝑎1, 𝑎2, ...𝑎𝑛}K = {𝑎1, 𝑎2, ...𝑎𝑛}. The set

containing precisely the designated ele-
ments: 𝑎1, 𝑎2, ...𝑎𝑛 .

sequence JsequenceK = Σ∗.
𝜐1 ∪ 𝜐2 J𝜐1 ∪ 𝜐2K = J𝜐1K ∪ J𝜐2K
𝜐1 ∩ 𝜐2 J𝜐1 ∩ 𝜐2K = J𝜐1K ∩ J𝜐2K
𝜐 J𝜐K = Σ \ J𝜐K

The type system provides two additional relations:
1. The operator ∈ defines a relation between values and

type designators. In particular if 𝜐 ∈ Υ, and 𝑎 ∈ J𝜐K,
then the relation 𝑎 ∈ 𝜐 holds, otherwise 𝑎 ∈ 𝜐 holds.

2. There is a subset relation, ⊂, between some types. How-
ever, the subset relation may not be decidable (see Sec-
tion 4.2). In particular if 𝜐1, 𝜐2 ∈ Υ, then 𝜐1 ⊂ 𝜐2 only
if J𝜐1K ⊂ J𝜐2K and 𝜐2 ⊂ 𝜐1 only if J𝜐2K ⊂ J𝜐1K. See
Section 4.2 for more details. △

We do not specify how the programming language rep-
resents type designators: possibly as part of the language
specification [26, Chapter 4] as in Common Lisp, or as an
Algebraic Data Type (ADT) implemented as an add–on li-
brary. In clojure-rte, Section 7, we have represented type
specifiers (called type designators) as s-expressions defined
by a DSL (domain specific language).
The following examples suppose the programming lan-

guage in question supports the types and subtype relations
illustrated in Figure 2. Furthermore, we use notation such
as integer ∩ (integer ∪ fixnum) ∩ fixnum to refer to logical
combinations of those types.

4.2 Determining the Subtype Relation
We often need to decide whether two specified sets have a
subset relation. In cases where it fails to be decidable, but
recognized as such, the resulting automata will contain null-
transitions. These redundant transitions may result in need-
less computation at compile-time and at run-time. Despite
these null-transitions, the automata remain deterministic.
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⊥

symbol

fixnum

string

bignum

float

T

sequence number

integer

Figure 2. Built-in type hierarchy. Arrows point from subtype
to supertype.

Grigore [9] addresses subtype decidability in Java [8]: de-
ciding whether one type is a subtype of another is equivalent
to the halting problem. Kennedy and Pierce [14] identify sev-
eral restrictions which when placed on such a type system,
make the question decidable. They investigate the effect of
restricting these capabilities in different ways in Java [8],
Scala [21, 22], C#, and .NET Intermediate Language. Curi-
ously, [14] from Microsoft Research gives citations for Java
and Scala, but not for C# and .NET Intermediate Language.
Perhaps authors believe the reader is more familiar with C#
and .NET IL than with other languages.

In Scala, the method <:< (see Section 8) attempts to com-
pute the subtype relation, returning true if the subtype rela-
tion can be proven, and false otherwise. Thus, the Scala <:<
conflates cannot compute with computed to be false.
Bonnaire [4] presents typed Clojure, but does not rigor-

ously define a clojure type, and does not implement anything
as ambitious as Common Lisp’s subtypep. The clojure lan-
guage offers an isa? predicate, which is simple and decidable
and is ultimately based on isAssignableFrom which is pro-
vided by the JVM [8].

In Common Lisp [2] SUBTYPEP can be compute intensive in
general. Even in cases where the subtype relation is decidable,
a Common Lisp implementation is allowed to return don’t
know in cases deemed to be too compute intensive. [3, 28]

5 The Brzozowski Derivative
In Section 6 we will construct 𝜎-DFAs based on RTEs. In this
section we present the Brzozowski derivative which is the
principle tool needed for such a construction.

There are several algorithms for constructing an FA (over
a finite alphabet) from a given regular expression. One such
algorithm was inspired by Ken Thompson [25, 30], has a
notable limitation—it does not support regular expression
intersection. The algorithm also has a practical limitation; it
produces DFA which are not deterministic, thus requiring an

additional step of determinizing. While determinizing 𝜎-DFA
has indeed been addressed in [29], we chose an approach
which avoids the determinization step.

We have chosen an algorithm based on regular expression
derivatives, which produces a deterministic DFA by construc-
tion. This algorithm was first presented in 1964 by Janusz
Brzozowski [6]. While Brzozowski’s result was applied to
digital circuits, Scott Owens et al. [23] presented a modern
version of the algorithm applied to regular pattern recogni-
tion for sequences of characters. We have generalized the
Owens interpretation to be compatible with RTEs. Owens
also noted that one of the practical obstacles of using this
approach is the large computation time of generating large
finite automata related to excessively large alphabets. Our
approach ameliorates this problem by considering sets of val-
ues rather than individual values. In this article, we present
this generalization, making note of deviations from the Br-
zozowski/Owens algorithm.

5.1 Definition and Examples
In this section we define the derivative of a rational expres-
sion and give two examples. To understand the following
definitions, the reader is reminded of Definitions 3.8 and 3.9,
which define the tail and :: operators.

Definition 5.1 (primitive, 𝑟
𝐴
). The primitive of an RTE, 𝑟

with respect to a given type, 𝐴, denoted 𝑟
𝐴
, is defined as:

𝑟

𝐴
= 𝑟 ∧ (⌊𝐴⌋ · Σ∗) △

Definition 5.2 (tail, ⌈𝑆⌉). If 𝑟 is an RTE generating the
set 𝑆 , then ⌈𝑆⌉, called the tail set of 𝑆 , is defined as:
⌈𝑆⌉ = {𝑡 ∈ Σ∗ | ∃ℎ ∈ Σ such that ℎ :: 𝑡 ∈ 𝑆}. We also say: ⌈𝑟⌉
is the RTE which generates the set ⌈𝑆⌉. △

Definition 5.3 (derivative, 𝜕𝐴𝑟 ). If, 𝑟 is a rational expression
generating set 𝑆 , and 𝐴 is a type, the derivative of 𝑟 with
respect to 𝐴 is defined as:

𝜕𝐴𝑟 = ⌈
𝑟

𝐴
⌉ (10)

The derivative of a set, 𝑆 , of sequences with respect to a
given type, 𝐴, denoted 𝜕𝐴𝑆 , is defined as the set of tails of
sequences which start with a value from 𝐴.

𝜕𝐴𝑆 = {𝑥 ∈ Σ∗ | ℎ :: 𝑥 ∈ 𝑆 for some ℎ ∈ 𝐴} .
The RTE, 𝜕𝐴𝑟 , is said to generate the set 𝜕𝐴𝑆 . △

We may think of an RTE in terms of the set of sequences
it generates. To give an intuition of what the RTE derivative
is and how to calculate it, we offer Examples 5.4 and 5.5.

Example 5.4 (Example of RTE). Let

𝑆 =
{
(12 12), (13 12), (”ℎ𝑒𝑙𝑙𝑜” 12), (12 13 14 15),
(”ℎ𝑒𝑙𝑙𝑜” 12 13 7.22), (13 12 11 −1.13),
(123456 12 13 7.22)

}
.
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𝑆
𝑖𝑛𝑡𝑒𝑔𝑒𝑟

is the largest subset of 𝑆 of sequences each of which
begins with an integer:

𝑆

𝑖𝑛𝑡𝑒𝑔𝑒𝑟
=
{
(12 12), (13 12), (12 13 14 15),

(13 12 11 −1.13), (123456 12 13 7.22)
}
.

And finally, taking the tail of each sequence:

𝜕𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑆 = ⌈ 𝑆

𝑖𝑛𝑡𝑒𝑔𝑒𝑟
⌉

=
{
(12), (13 14 15), (12 11 −1.13), (12 13 7.22)

}
.

△

Example 5.5 (Example of RTE). We generalize Example 5.4.
Consider the rational expression

𝑟 = (integer ∨ string) · fixnum∗ · number .

Let 𝑆 denote the set of sequences generated by this RTE.
Here, 𝑆 is a superset of the 𝑆 in Example 5.4. Each of these
sequences has finite length, and each begins with exactly
one object of type integer or exactly one object of type string,
ends with exactly one object of type number , and between
contains zero or more occurrences of objects of type fixnum.

Thus 𝜕integer𝑆 is the set generated by

𝜕integer𝑟 = fixnum∗ · number ,

because 𝑆
integer is the subset of 𝑆 generated by

𝑟

integer
= integer · fixnum∗ · number .

This set contains those sequences (elements of 𝑆) which start
with an integer as opposed to a string.

Stripping off the head from each sequence in 𝑆
integer results

in the set ⌈ 𝑆
integer ⌉, which is precisely the set generated by

fixnum∗ · number . △

5.2 Nullability
We will address the derivative more precisely in Section 5.3,
but we find it useful to first define nullability. As will be seen,
to calculate the derivative of some rational expressions, we
must calculate whether the rational expression is nullable.

Definition 5.6 (nullable). A set of sequences is said to be
nullable if it contains the empty sequence. If such a set is
generated by an RTE, we say that the RTE itself is nullable.

The function 𝜈 (the Greek letter nu) calculates nullability.
𝜈 may be applied to any RTE, and evaluates to either ∅ or
𝜀, according to the recursive rules in Figure 3. If and only if
𝜈 (𝑟 ) = 𝜀, then 𝑟 is said to be nullable. △

It may be worth reëmphasizing here that the symbol 𝜀 in
Definition 5.6 and in Figure 3 is the rational expression 𝜀
not the empty sequence. As is common practice, Owens [23]
used the notation, 𝜀, to represent both the empty word and
also the set consisting precisely of the empty word. We avoid
this ambiguity by referring to the empty sequence as ().

𝜈 (∅) = ∅ (11)
𝜈 (𝜀) = 𝜀 (12)

𝜈 (𝑟 ∨ 𝑠) = 𝜈 (𝑟 ) ∨ 𝜈 (𝑠) (13)
𝜈 (𝑟 · 𝑠) = 𝜈 (𝑟 ) ∧ 𝜈 (𝑠) (14)
𝜈 (𝑟 ∧ 𝑠) = 𝜈 (𝑟 ) ∧ 𝜈 (𝑠) (15)
𝜈 (𝑟 ∗) = 𝜀 (16)
𝜈 (𝑟+) = 𝜈 (𝑟 ) (17)

𝜈 (𝑟 ?) = 𝜀 (18)

𝜈 (¬𝑟 ) =
{
𝜀 if 𝜈 (𝑟 ) = ∅
∅ if 𝜈 (𝑟 ) = 𝜀

(19)

𝜈 (𝑎) = ∅ otherwise (20)

Figure 3. Recursive rules defining the nullability function 𝜈

5.3 Computing the Brzozowski Derivative
Given an RTE, we would like to calculate the RTE represent-
ing its derivative. To do so, the reduction rules shown in
Figure 4 can be recursively applied.

𝜕𝐴∅ = ∅ (21)
𝜕𝐴𝜀 = ∅ (22)

𝜕𝐴 (𝑟 ∨ 𝑠) = 𝜕𝐴𝑟 ∨ 𝜕𝐴𝑠 (23)
𝜕𝐴𝑟 · 𝑠, if 𝜈 (𝑟 ) = ∅ (24)

𝜕𝐴 (𝑟 · 𝑠) =
 𝜕𝐴𝑟 · 𝑠 ∨ 𝜕𝐴𝑠, if 𝜈 (𝑟 ) = 𝜀 (25)
𝜕𝐴𝑟 · 𝑠 ∨ 𝜈 (𝑟 ) · 𝜕𝐴𝑠, in either case (26)

𝜕𝐴 (𝑟 ∧ 𝑠) = 𝜕𝐴𝑟 ∧ 𝜕𝐴𝑠 (27)
𝜕𝐴 (𝑟 ∗) = 𝜕𝐴𝑟 · 𝑟 ∗ (28)
𝜕𝐴 (𝑟+) = 𝜕𝐴 (𝑟 ∗) (29)

𝜕𝐴 (𝑟 ?) = 𝜕𝐴 (𝑟 ) (30)
𝜕𝜀𝑟 = 𝑟 (31)

𝜕𝐴 (¬𝑟 ) = ¬𝜕𝐴𝑟 (32)
𝜕𝐴 ⌊𝐵⌋ = 𝜀 if J𝐴K ⊂ J𝐵K (33)
𝜕𝐴 ⌊𝐵⌋ = ∅ if J𝐴K ∥ J𝐵K (34)
𝜕𝐴 ⌊𝐵⌋ is undefined otherwise. (35)

Figure 4. Recursive rules for Brzozowski derivatives ex-
tended to RTEs. The variables, 𝐴 and 𝐵 represent type desig-
nators, J𝐴K, J𝐵K ⊂ Σ. And 𝑟 and 𝑠 represent RTEs, 𝑟, 𝑠 ∈ LΣ.

Note that (26) is useful for theoretical and hand calculation
but is problematic for algorithmic calculation. In the case
that 𝜈 (𝑟 ) = ∅, (26) is equivalent to (24), but special attention
is required because a naïve implementation of 𝜕𝐴𝑠 may result
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in an infinite recursion. To avoid such an error, (24) and (25)
should be used instead of (26).

The rules in Figures 3 and 4 are similar to those Owens [23]
mentions. We have omitted a rule from the treatment from
Owens, which was 𝜕𝐴𝑏 = 𝜀 whenever 𝑎 ≠ 𝑏. This rule does
not hold when regular expressions are generalized to RTEs;
we show a counter example in Example 6.3. An important
insight we have added to the presentation of Owens is the
introduction of Equations (33) and (34) which are proven in
Section 6.3 as Theorems 6.5 and 6.7 respectively. Moreover,
we have made Equation (35) explicit.

Although they are not completely necessary, we have
added Equations (17), (18), (29), and (30) to Figures 3 and 4
as they often aid in computation, such as in Examples 6.1
and 6.2. These equations follow from Definition 3.14, and
the other equations in Figures 3 and 4. The derivations are
omitted here but may be found in [16, Sec 3.6].

6 Constructing the 𝜎-DFA from an RTE
In the previous sections we have presented the tools neces-
sary to construct an 𝜎-DFA based on an RTE. In this section
we present the construction algorithm which exploits the
Brzozowski derivative as presented in Section 5.
Some approaches to construction of FA, such as [12, 25],

involve constructing a DFA and thereafter determinizing it.
We use the technique presented by Brzozowski [6] and clari-
fied by Owens [23]. The algorithm uses a technique called
the derivative, to construct a DFA, and thereby obviating the
determinization step. In [16, 19], Newton et al. explain how
the Brzozowski derivative can be extended to accommodate
Common Lisp types, in particular rather than calculating the
Brzozowski derivative (as Owens suggests) with respect to
each letter of the alphabet, instead one must calculate the
derivative with respect each type appearing in the maximal
disjoint type decomposition as explained in [20].

6.1 Constructing States and Transitions
In order to determine whether a given sequence matches a
particular RTE, we execute a 𝜎-DFA with the sequence as
input. Thus we must convert the RTE to a 𝜎-DFA. This need
only be done once and can often be done at compile time,
depending the meta-programming capability of your pro-
gramming language [17]. The flow involves our extension of
the Brzozowski derivative algorithm, explained in Section 5.
The algorithm can be summarized as follows. Each state

in the 𝜎-DFA represents all the possible futures which are
accepting. Moreover, there is a (not necessarily unique) RTE
which designates that set of futures. An elaborate example
starts in Example 6.1 and continues in Example 6.2.
There is a delicate matter when mapping a sequence of

objects to a sequence of type designators: the mapping is
not unique, and may lead to an NFA. We would like to avoid

non-determinism, because the algebra associated with 𝜎-
DFAs is simpler, especially when involving intersection and
complementation. We ignore this issue for the moment, but
return to it Section 6.2.

𝑞0 𝑞1

𝑞2

𝑞3

𝑠𝑦𝑚𝑏𝑜𝑙

number

string

symbol

number

symbol

string

Figure 5. Example 𝜎-DFA implementing the RTE: (𝑠𝑦𝑚𝑏𝑜𝑙 ·
(𝑛𝑢𝑚𝑏𝑒𝑟+ ∨ 𝑠𝑡𝑟𝑖𝑛𝑔+))+

Example 6.1 (Calculating the states and transitions 𝜎-DFA
for (𝑠𝑦𝑚𝑏𝑜𝑙 · (𝑛𝑢𝑚𝑏𝑒𝑟+ ∨ 𝑠𝑡𝑟𝑖𝑛𝑔+))+).
Consider the RTE

𝑞0 = (𝑠𝑦𝑚𝑏𝑜𝑙 · (𝑛𝑢𝑚𝑏𝑒𝑟+ ∨ 𝑠𝑡𝑟𝑖𝑛𝑔+))+ . (36)

Wewish to construct a𝜎-DFAwhich recognizes sequences
matching this pattern. Such a 𝜎-DFA is shown in Figure 5.
As the first step in this construction, we create a state 𝑞0
corresponding to the given RTE, (36).

Next, we proceed to calculate the derivative with respect
to each type designator mentioned in 𝑞0. As will be seen, it
suffices to differentiate with respect to the type designators
which are permissible as the first element of the sequence.
For example, the first element of the sequence is neither
allowed to be a string nor a number . This is equivalent to
saying that the corresponding derivatives are ∅: 𝜕𝑠𝑡𝑟𝑖𝑛𝑔𝑞0 =
𝜕𝑛𝑢𝑚𝑏𝑒𝑟𝑞0 = ∅ This set of types of first elements is precisely
the first types from Definition 6.8.

Thus, as far as 𝑞0 is concerned, we need only calculate one
derivative: 𝜕𝑠𝑦𝑚𝑏𝑜𝑙𝑞0. To help understand this calculation,
we show the steps explicitly.

To compress and simplify the computation, we abbreviate
the types in questions: 𝑆 = symbol, 𝑁 = number, 𝑅 = string.
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𝜕symbol𝑞0 = 𝜕symbol
(
(symbol · (number+ ∨ string+))+

)
= 𝜕𝑆

(
(𝑆 · (𝑁 + ∨ 𝑅+))+

)
= 𝜕𝑆

(
𝑆 · (𝑁 + ∨ 𝑅+)

)
·
(
𝑆 · (𝑁 + ∨ 𝑅+)

)∗
=
(
(𝜕𝑆𝑆) · (𝑁 + ∨ 𝑅+) ∨ 𝜈 (𝑆) · 𝜕𝑆 (𝑁 + ∨ 𝑅+)

)
·
(
𝑆 · (𝑁 + ∨ 𝑅+)

)∗
=
(
𝜀 · (𝑁 + ∨ 𝑅+) ∨ ∅ · 𝜕𝑆 (𝑁 + ∨ 𝑅+)

)
· (𝑆 · (𝑁 + ∨ 𝑅+))∗

𝑞1 = (𝑁 + ∨ 𝑅+) ·
(
𝑆 · (𝑁 + ∨ 𝑅+)

)∗
Since there is not yet a state in the automaton labeled

with this expression, we create one named 𝑞1. We also create

a transition 𝑞0
symbol
−−−−−→ 𝑞1, as shown in Figure 5. This transi-

tion is labeled with symbol because 𝜕symbol𝑞0 = 𝑞1. We now
proceed to calculate the derivatives of 𝑞1.

𝑞2 = 𝜕number𝑞1 = 𝜕𝑁
(
(𝑁 + ∨ 𝑅+) ·

(
𝑆 · (𝑁 + ∨ 𝑅+)

)∗)
= 𝑁 ∗ · (𝑆 · (𝑁 + ∨ 𝑅+))∗

We add 𝑞2 to the automaton with transition 𝑞1
number−−−−−→ 𝑞2.

𝑞3 = 𝜕string𝑞1 = 𝑅
∗ · (𝑆 · (𝑁 + ∨ 𝑅+))∗

We add 𝑞3 to the automaton with transition 𝑞1
string
−−−−→ 𝑞3.

If we continue calculating the derivatives, we find that we
again obtain expression we have already obtained in earlier

steps.
𝜕symbol𝑞2 = 𝑞1 𝜕string𝑞3 = 𝑞3
𝜕number𝑞2 = 𝑞2 𝜕symbol𝑞3 = 𝑞1
𝜕string𝑞2 = 𝑞1

From these deriva-

tives we create the following transitions thus completing

the transitions in the state machine (Figure 5): 𝑞2
symbol
−−−−−→ 𝑞1,

𝑞2
number−−−−−→ 𝑞2, 𝑞2

string
−−−−→ 𝑞1, 𝑞3

string
−−−−→ 𝑞3, and 𝑞3

symbol
−−−−−→ 𝑞1. △

In Example 6.1, we have created all the states in the 𝜎-DFA,
and we have labeled all the transitions between states with
the type designator which was used in the derivative calcula-
tion between those states. We have ignored transitions from
any state to the ∅ state.

Finally, we label the accepting states. To determine which
states are accepting states, we must determine which of
the rational expressions are nullable. Example 6.2 extends
Example 6.1 by calculating the accepting states.

Example 6.2 (Calculating the accepting states of 𝜎-DFA for
(symbol · (number+ ∨ string+))+).
The accepting states are 𝑞2 and 𝑞3, because only those two
states are nullable. We know this intuitively, because 𝑞2 and
𝑞3 can match the empty sequence.

() ∈ J𝑞2K = J𝑁 ∗ · (𝑆 · (𝑁 + ∨ 𝑅+))∗K
() ∈ J𝑞3K = J𝑅∗ · (𝑆 · (𝑁 + ∨ 𝑅+))∗K

Despite our intuition, we may use 𝜈 to compute the nullabil-
ity of 𝑞0, 𝑞1, 𝑞2, and 𝑞3.

𝜈 (𝑞0) = 𝜈 ((𝑆 · (𝑁 + ∨ 𝑅+))+) = 𝜈 (𝑆 · (𝑁 + ∨ 𝑅+))
= ∅ ∧ 𝜈 (𝑁 + ∨ 𝑅+) = ∅

So 𝑞0 is not nullable.

𝜈 (𝑞1) = 𝜈
(
(𝑁 + ∨ 𝑅+) · (𝑆 · (𝑁 + ∨ 𝑅+))∗

)
= 𝜈 (𝑁 + ∨ 𝑅+) ∧ 𝜈 ((𝑆 · (𝑁 + ∨ 𝑅+))∗)
= 𝜈 (𝑁 + ∨ 𝑅+) ∧ 𝜀
= 𝜈 (𝑁 + ∨ 𝑅+) ; For 𝜈 (𝑟 ) ∈ {∅, 𝜀}
= 𝜈 (𝑁 +) ∨ 𝜈 (𝑅+)
= 𝜈 (𝑁 ) ∨ 𝜈 (𝑅) = ∅ ∨ ∅ = ∅

So 𝑞1 is not nullable. In similar manner, we find that none
other of the expressions is nullable.

𝜈 (𝑞2) = 𝜈
(
𝑁 ∗ · (𝑆 · (𝑁∨ + 𝑅+))∗

)
= 𝜈 (𝑁 ∗) ∧ 𝜈

(
(𝑆 · (𝑁 + ∨ 𝑅+))∗

)
= 𝜀 ∧ 𝜀 = 𝜀

So 𝑞2 is nullable.

𝜈 (𝑞3) = 𝜈
(
𝑅∗ · (𝑆 · (𝑁 + ∨ 𝑅+))∗

)
= 𝜈 (𝑅∗) ∧ 𝜈

(
(𝑆 · (𝑁 + ∨ 𝑅+))∗

)
= 𝜀 ∧ 𝜀 = 𝜀

So 𝑞3 is nullable. △

6.2 Dealing with Overlapping Types
In the examples in Section 6.1, all the types considered exiting
each state were disjoint. If the same method is naïvely used
with types which are intersecting, the resulting 𝜎-DFA will
not be a valid representation of the rational expression, as
shown in Example 6.3.

Example 6.3 (Counterexample disproving
𝑎 ≠ 𝑏 =⇒ 𝜕𝐴𝑏 = 𝜀.). Consider the rational expres-
sion involving the intersecting types integer and number :

𝑞0 =
(
(number · integer) ∨ (integer · number)

)
.

The sequences which match this expression are se-
quences of two numbers, at least one of which is an integer.
Unfortunately, when we calculate 𝜕number𝑞0 and 𝜕integer𝑞0
we arrive at a different result. To compress and simplify
the computation, we abbreviate the types in questions:
𝑍 = integer, 𝑁 = number .

𝜕𝑁𝑞0 = 𝜕𝑁
(
(𝑁 · 𝑍 ) ∨ (𝑍 · 𝑁 )

)
= 𝜕𝑁 (𝑁 · 𝑍 ) ∨ 𝜕𝑁 (𝑍 · 𝑁 )

= (𝜕𝑁𝑁 ) · 𝑍 ∨ (𝜕𝑁𝑍 ) · 𝑁 = 𝜀 · 𝑍 ∨ ∅ · 𝑁 = 𝑍 ∨ ∅ = 𝑍
Without continuing to calculate all the derivatives, it is

already clear that this result is wrong. If we start with the
set of sequences of two numbers one of which is an integer,
and out of that find the subset of sequences starting with a
number, we get back the entire set. The set of tails of this set
is not the set of singleton sequences of integer as this naïve
calculation of 𝜕number𝑞0 predicts. △

9
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The problem demonstrated in Example 6.3 is that if an
RTE is treated blindly as an ordinary rational expression,
then 𝑛𝑢𝑚𝑏𝑒𝑟 ≠ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 end of story. But if we wish to cre-
ate a 𝜎-DFA which will allow validation of rationally typed
sequences of objects, we must extend the theory slightly to
accommodate intersecting types.

To address this problem,we have augmented the algorithm
of Brzozowski with an additional step. Rather than calcu-
lating the derivative at each state with respect to each type
mentioned in the regular type expression, some of which
might be overlapping, instead we calculate a disjoint set of
types. Recall from Equation (35) from Figure 4 that the deriv-
ative, 𝜕𝐴𝐵, is only defined for types 𝐴 and 𝐵, when 𝐴 ∥ 𝐵 or
𝐴 ⊂ 𝐵. More specifically, given a set A of potentially over-
lapping types, we calculate a set B which has the properties:
Each element of B is a subtype of some element of A, any
two elements B are disjoint from each other, and ∪A = ∪B.
This deconstruction as the Maximal Disjoint Type Decom-
position (MDTD) and is discussed in depth in [16].

𝑞0

𝑞2

𝑞3

𝑞1

integer

number ∩ integer integer

number

Figure 6. Example 𝜎-DFA with disjoint types

Figure 6 illustrates a 𝜎-DFA whose transitions are based
on such a disjoint union. The set of overlapping types
A = {𝑛𝑢𝑚𝑏𝑒𝑟, 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 } has been replaced with the set of
disjoint types B = {𝑛𝑢𝑚𝑏𝑒𝑟 ∩ 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 }.
This extra step has two positive effects on the algorithm.

1) it ensures that the constructed automaton is determin-
istic, i.e., we ensure that all the transitions leaving a state
specify disjoint types, and 2) it forces our treatment of the
problem to comply with the assumptions required by the
Brzozowski/Owens algorithm.

To use these differentiation rules on expressions contain-
ing partially overlapping types we must only differentiate
a given rational expression with respect to disjoint types.
Figure 6 shows an 𝜎-DFA expressing the rational expression
𝑞0 = ((number ·integer) ∧ (integer ·number)) but only using
types for which the derivative is defined. 𝑞3 = 𝜕integer𝑞0 and
𝑞1 = 𝜕number∩integer𝑞0. Figure 6 does show transitions from

𝑞3
number−−−−−→ 𝑞2 and 𝑞1

integer
−−−−−→ 𝑞2 using intersecting types. This

is not, however, a violation of the rules in Figure 4 because
𝑞3 and 𝑞1 are different states.

6.3 Proofs of Derivatives with Set Relations
Lemma 6.4 simplifies the proofs of Theorems 6.5 and 6.7,
which in turn justify the claims in Equations (33) and (34).

Lemma 6.4. 𝜕𝐴 ⌊𝐵⌋ = ⌈⌊𝐵⌋ ∧ ⌊𝐴⌋⌉

Proof. 𝜕𝐴 ⌊𝐵⌋ = ⌈ ⌊𝐵⌋
𝐴
⌉ = ⌈⌊𝐵⌋ ∧ (⌊𝐴⌋ · Σ∗)⌉, by Defini-

tions 5.3 and 5.1.
⌊𝐵⌋ ∧ (⌊𝐴⌋ · Σ∗) = ⌊𝐵⌋ ∧ ⌊𝐴⌋, because the elements of
⌊𝐵⌋∧(⌊𝐴⌋·Σ∗) are those sequences which are simultaneously
in ⌊𝐵⌋, i.e. sequences (ℎ1) where ℎ1 ∈ 𝐵 and also in ⌊𝐴⌋ · Σ∗,
i.e. sequences of the form ℎ2 :: 𝑠 where ℎ2 ∈ 𝐴. To be in both
sets, a sequence must be a singleton (ℎ) with ℎ ∈ 𝐴 and also
ℎ ∈ 𝐵, which is precisely ⌊𝐵⌋ ∧ ⌊𝐴⌋. □

Theorem 6.5. If 𝐴 ≠ ∅ and 𝐴 ⊂ 𝐵 then 𝜕𝐴 ⌊𝐵⌋ = 𝜀.

Proof. By Lemma 6.4, 𝜕𝐴 ⌊𝐵⌋ = ⌈⌊𝐵⌋ ∧ ⌊𝐴⌋⌉. Since 𝐴 ⊂ 𝐵 we
have ⌊𝐴⌋ ⊂ ⌊𝐵⌋, so ⌊𝐵⌋ ∧ ⌊𝐴⌋ = ⌊𝐴⌋. Since 𝐴 ≠ ∅, ⌊𝐴⌋ is
a nonempty set of singleton sets; the tail of each being ().
Therefore ⌈⌊𝐴⌋⌉ = {()} = 𝜀 □

Corollary 6.6. 𝜕𝐴 ⌊𝐴⌋ = 𝜀.

Proof. 𝐴 ⊂ 𝐴, so let 𝐵 = 𝐴, and apply Theorem 6.5. □

Theorem 6.7. If 𝐴 ∥ 𝐵, then 𝜕𝐴 ⌊𝐵⌋ = ∅.

Proof. ⌊𝐵⌋ ∧ ⌊𝐴⌋ = ∅, because if we suppose 𝑥 ∈ ⌊𝐵⌋ ∧ ⌊𝐴⌋,
then 𝑥 is of the form ℎ :: () where 𝑥 ∈ 𝐵 and 𝑥 ∈ 𝐴, which
is impossible since 𝐴 ∥ 𝐵. Thus ∅ = ⌈∅⌉ = ⌈⌊𝐵⌋ ∧ ⌊𝐴⌋⌉ =
𝜕𝐴 ⌊𝐵⌋, by Lemma 6.4. □

6.4 Practical Optimizations
There are a couple of useful optimization steps.

If the derivative is ∅, there is no reason to add the state to
the 𝜎-DFA, lest we clutter the graphical representation with
arrows leading to this sink state.
It is not necessary that there will be 1:1 correspondence

between the non-trivial derivatives and the states. The prob-
lem is that reducing the rational expressions to a canonical
form is a hard problem, since many rational expressions may
generate the same rational language. Even so, one would
expect that there might be one canonical reduced expression
which could be arrived at, given a finite set of identities such
as ∅∨𝐿 = 𝐿 = 𝐿∨∅, 𝜀 ·𝐿 = 𝐿 = 𝐿 ·𝜀, (𝐿∗)∗ = 𝐿∗, 𝐿∨𝐾 = 𝐾∨𝐿,
etc. In fact, there is no finite set of identities which permits
to deduce all identities between rational expressions [24].
Owens et al. [23] noted that the problem of determining

whether two regular expressions are equivalent is expen-
sive. In fact, deciding language equality for regular expres-
sions with intersection and complement operators is of non-
elementary complexity [1]. According to Owens, it suffices
to allow the same derivative in different algebraic forms to
be represented by multiple states as long as it is a reasonable
number. Owens suggests a weak form of regular expression
equivalence, based on Brzozowski’s work. In summary, we
perform a reduction step in the derivative calculation to limit
the number of forms expressed, but the reduction need not
fully reduce every expression to a canonical form.

10
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6.5 Algorithm for Brzozowski Applied to RTEs
To compute the automaton corresponding to a rational ex-
pression [23], use Algorithm 1. The algorithm assumes the
existence of a constructor function State (which creates a
state given a rational expression), and requires the compu-
tation of 1𝑠𝑡 () of a rational expression according to Defini-
tion 6.8. Brzozowski argued that this procedure terminates
because there is only a finite number of derivatives possible,
modulo multiple equivalent algebraic forms. Eventually, all
the expressions encountered will be algebraically equivalent
to the derivative of some other expression in the set.

Definition 6.8 (1𝑠𝑡 (𝑓 )). The set of first types of an RTE, 𝑓 ,
denoted 1𝑠𝑡 (𝑓 ), is calculated as follows:

1𝑠𝑡 (∅) = 1𝑠𝑡 (𝜀) = ∅
1𝑠𝑡 (⌊𝐴⌋) = {𝐴}

1𝑠𝑡 (𝑟 ∨ 𝑠) = 1𝑠𝑡 (𝑟 ∧ 𝑠) = 1𝑠𝑡 (𝑟 ) ∪ 1𝑠𝑡 (𝑠)

1𝑠𝑡 (𝑟 · 𝑠) =
{
1𝑠𝑡 (𝑟 ) ∪ 1𝑠𝑡 (𝑠) if 𝜈 (𝑟 ) = 𝜀
1𝑠𝑡 (𝑟 ) if 𝜈 (𝑟 ) = ∅

1𝑠𝑡 (¬𝑟 ) = 1𝑠𝑡 (𝑟 )
1𝑠𝑡 (𝑟 ∗) = 1𝑠𝑡 (𝑟+) = 1𝑠𝑡 (𝑟 ?) = 1𝑠𝑡 (𝑟 )

△

7 Sample Implementations
In the previous sections we have presented 𝜎-DFAs (Sec-
tion 2), RTEs (Section 3), and an algorithm (Section 6) to
construct a 𝜎-DFA from an RTE. In this section we briefly
describe two open source implementations of RTE, one in
Common Lisp [2] and one in Clojure [10, 11].
The reference implementation is a Common Lisp library,

rte, available from [address withheld for anonymity] and
available from Quicklisp quicklisp.org. The second, and
more recent, clojure-rte, is an implementation in Clojure,
clojure.org, and is available at [address withheld because of
anonymity] The rte implementation in Common Lisp is the
subject of several existing publications, including [WITH-
HELD] [16, 17, 19].

The clojure-rte implementation is a result of generaliz-
ing the Common Lisp work and uses the technique presented
in the current article. Clojure runs atop the JVM, and the
Clojure type system is based on the type system of Java.
We have extended Clojure’s type system, via a user library,
sufficiently to implement Algorithm 1 and consequently to
compute first types, Definition 6.8, as well as nullability from
Figure 3 and the Brzozowski derivative from Figure 4.
The Common Lisp version, builds the 𝜎-DFA at compile

time and serializes it to low level machine instructions. It
is unclear whether similar low-level optimizations can be
realized using the meta-programming APIs of other dynamic
languages, particularly those implemented on the JVM.

Algorithm 1: Compute DFA by Brzozowski derivative
Input: 𝑟 : a rational type expression
Output: Components of a 𝜎-DFA as in Definition 2.2.

1 begin
2 𝑞0 ← 𝑆𝑡𝑎𝑡𝑒 (𝑟 ) // one initial state

3 𝛿 ← () // empty list of triples

4 𝑄 ← {𝑞0} // set of states

5 𝑊 ← {𝑞0} // working list states

6 while 𝑊 ≠ ∅ do
7 𝑞1 ← any element from𝑊

8 𝑊 ←𝑊 \ {𝑞1}
9 for 𝑎 ∈ MDTD(⊤ :: 1𝑠𝑡 (𝑞1 .𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛)) do
10 𝑟 ← 𝑞1.expression
11 𝑑 ← 𝜕𝑎𝑟

12 Reduce 𝑑 to canonical form
13 if 𝑑 ≠ ∅ then
14 if ∃ 𝑞2 ∈ 𝑄 such that

𝑞2.𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 = 𝑑 then
15 𝛿 ← (𝑞1, 𝑎, 𝑞2) :: 𝛿 // transition

16 else
17 𝑞2 ← 𝑆𝑡𝑎𝑡𝑒 (𝑑)
18 𝛿 ← (𝑞1, 𝑎, 𝑞2) :: 𝛿
19 𝑊 ← 𝑞2 ::𝑊
20 𝑄 ← 𝑞2 :: 𝑄

21 𝐹 ← {𝑞 ∈ 𝑄 | 𝜈 (𝑞.expression) = 𝜀}
22 return (𝑄,𝑞0, 𝐹 , 𝛿)

8 Conclusion and Perspectives
In this article we have presented a theoretical foundation
for implementing RTEs in dynamically typed programming
languages. We have presented an algorithm for computing
the construction of 𝜎-DFAs for recognizing such, given a suf-
ficiently expressive type system. Reference implementations
in Common Lisp and Clojure are available at [WITHHELD]
and [WITHHELD] .

While details of the construction for the Common Lisp im-
plementationmay be found in [16, 19], we have not explained
the technique used to encapsulate/disguise the Clojure type
system into a simple type system as described in Section 4.1.
We consider this a matter for future publication, in particular
computation of subtype-ness, disjointness, and MDTD. Prior
to such a future publication, interested readers are invited
to peruse source code of clojure-rte.

Scala is not generally considered a dynamic language, but
it does exhibit some dynamic features: REPL, runtime reflec-
tion via the scala.reflect.runtime.universe library or
even the lower-level Java reflection. A Scala program may
inquire at run-time about the types of object and invoke
run-time logic as a function of subtype-ness via the meth-
ods <:< and isAssignableFrom. However, it is a matter of
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active, ongoing research as to the extent to which Scala pro-
vides sufficient reflective capacity for implementing RTE,
especially in light of type-erasure [5]. Furthermore, even if
such implementation is possible it is also a matter of ongoing
research whether such implementation could be useful or
culturally acceptable in a statically typed language.
We have not addressed in this article how to interpret a

𝜎-DFA at run-time to determine whether a given sequence
matches the regular type expression.
Our 𝜎-DFA construction is the first step of a more com-

plete flow which includes combining and merging 𝜎-DFAs
to calculate Boolean combinations (union, intersection, etc)
of rational typed languages. Once constructed, the 𝜎-DFA
may not be in minimal form. Another topic of research is
minimization techniques of such 𝜎-DFAs.

As mentioned in Section 3, the proof of Theorem 3.12 has
been omitted from this article. We would like to present that
proof at a later time in conjunction with the presentation of
Boolean combinations of 𝜎-DFAs.
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