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Abstract. We summarize some aspects of the Common Lisp type sys-5

tem including a definition of types, type specifiers, and how they interact6

with objects in the language. The language makes use of several concepts7

which were not theoretically well understood at the time of the language’s8

inception. We give a high-level profile of some reflection capabilities in-9

cluding membership and type inclusion. The type inclusion question may10

be unanswerable in some situations, and calculable in others. We give a11

summary and in depth discussion of some of the obscure features of the12

Common Lisp type system, especially with regard to degenerative cases13

of function types. As Common Lisp is defined by specification rather than14

implementation, we do not propose any fixes for problems we observe;15

rather we simply investigate them. Our discussion shows some corner16

cases which we find curious. Finally, we attempt to present a historical17

perspective of why things are the way they are.18

1 Introduction19

In this article we move toward bridging the gap between theory of and practice20

relating to a lattice based type system in a dynamic language with compilation21

semantics. We take a look at some features of the Common Lisp type system22

which was designed during the 1980s, and included many ideas which theoreti-23

cians are still addressing today. We reflect on some rather surprising behavior of24

function types, especially in light of historical aspects of their development and25

implementation.26

In Sec. 2, we provide a brief introduction to the Common Lisp language27

including history and syntax. In Sec. 3 we introduce the type system including28

definition and meaning of types. Particularly notable is the way the type system29

handles the unanswerable subtype question using 3-way logic, in Sec. 3.3. In30

Sec. 4 we deal specifically with function types with special attention to the fact31

that the specification does not explain how the compiler should compute the32

subtype relation with function types. In Sec. 5 we provide a short historical33

perspective of why certain decisions were made in the design of the type system.34

Finally in Secs. 6 and 7 we provide a review of some related work and provide35

some perspectives of the next steps of this research.36



2 What is Common Lisp?37

Common Lisp [3] as a programming language is about 40 years old, if we count38

from the publication of Common Lisp, the Language [54], 1st edition. The lan-39

guage is defined by a specification rather than by an implementation. In practice40

this means that users of the language can defend their point of view regarding41

how the language should behave by pointing to excerpts from the specifica-42

tion, independent of what an actual Common Lisp compiler does or fails to43

do. Compiler implementors are obliged to fix their implementation when errors44

are discovered or risk being seen as non-conformant. This language concept has45

advantages as well as admitted disadvantages. One advantage is portability. A46

compliant Common Lisp program can be ported to another Common Lisp com-47

piler, and code can be written to work across implementations. A disadvantage48

is that in the year 2022, with 40 years of hindsight, we might judge that certain49

aspects of the specification are not as great an idea as they were thought to be50

in 1985. One such problem which we look at in this article is what we consider51

to be a problem in the way function types were defined.52

The Common Lisp language includes features which were novel at the time53

of its inception, but which have been introduced in more modern languages, lex-54

ical and dynamic scoping, such as first-class lexical closures, meta-programming,55

operating system independent path-name management; object orientation [34]56

supporting multiple inheritance, multi-methods, and meta-classes [42, 35], and57

the feature which we address in this article, the lattice-based type system sup-58

porting union, intersection, and complement types. The type system can be used59

by the compiler to optimize speed, safety, and memory usage, but it can also60

be used interactively either during debugging or reflectively in compiled code.61

In 2008, Frisch et al. [23] provide a sound theoretical basis for using sets as a62

basis of reasoning about types. However, Common Lisp approached this topic63

pragmatically during the 1980s.64

We contend that It is academically relevant to analyze the strengths and65

weaknesses of Common Lisp. Admittedly there are not as many Common Lisp66

projects in active development today when compared to more modern languages;67

however an active Common Lisp community exists and the language is alive in68

many industrial applications. Google is a intense user of Common Lisp, makes69

regular commits to the SBCL compiler GitHub repository [59], and publishes a70

Common Lisp coding Style Guide [12]. AllegroGraph [22] is an example of an71

industrial graph data base. Common Lisp compilers are in active development:72

Schafmeister et al. [53] are developing an implementation specializing in C++73

interoperability; Strandh [57, 56] is working toward a modern Common Lisp74

implementation which optimizes for modern memory constraints; and Steel Bank75

Common Lisp (SBCL) [48], a mature and stable compiler implementation we use76

in this article.77

The default syntax of the Common Lisp language is simple. We say, default78

syntax, because the Common Lisp application programmer is allowed to change79

the reader syntax of the language. The source code is represented as a list of80

symbols and other serializable objects such as numbers and string. Functions and81
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data have the same syntax, and programmers may treat functions as data, both82

at the source code level and at the evaluation level. E.g., Common Lisp macro83

programming allows the user to use the full force of the language to manipulate84

source code text as data, creating function bodies or splice values into function85

bodies which are then passed to the compiler.86

Example 1 (Simple Common Lisp function definition).87

(defun factorial (n)88

(if (> n 0)89

(* n (factorial (- n 1)))90

1))91

Example 1 shows a crash course in Common Lisp programming. The exam-92

ple defines a recursive implementation of the factorial function, using defun.93

Functions are called using prefix notation e.g. (> n 0) calls the function > with94

two arguments, n and 0.95

3 Types in Common Lisp96

From the perspective of the Common Lisp programmer, the use of type declara-97

tions is optional. However, type annotations may be added to function to help98

document code usage, or to declare the programmers intent. E.g., even though a99

particular function could be called with any type of argument, the programmer100

might known that it is only ever actually called with an integer. Such annota-101

tions can also help the compiler create more optimal machine code by removing102

unnecessary type-case analysis or other safety checks.103

A detailed summary of the Common Lisp types with regard to peculiarities104

of function types can be found in [37]. We present here a shorter version of that105

exposé.106

Definition 1 (type). In Common Lisp, a type is a (possibly infinite) set of107

objects at a particular point of time during the execution of a program [3].108

Actually the Common Lisp specification says A type is a (possibly infinite)109

set of objects; we have augmented the definition with the phrase at a particular110

point of time during the execution of a program. We believe this relaxation of111

the definition is necessary because of the dynamic nature of the Common Lisp112

language.113

In Common Lisp, types and functions may be redefined. Consequently a type114

specified by (satisfies f), which specifies the type of all Common Lisp objects115

for which the predicate f returns true, may change its meaning of the function f116

is redefined. This means that if a particular object belongs to type (satisfies117

f) at one moment, the object may no longer belong to (satisfies f) after f118

has been redefined, even though the object itself did not change.119

An object of a particular class may be victim to the change-class function.120

E.g.., if an object, x, has class pawn, then after (change-class x ’queen), then121

x, will no longer be of class pawn.122
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Finally, during development of a program, a type definition might change.123

For example Y may be defined as the type (or number string), at which point124

the string 12 will be of that type, but if Y is redefined to (or (and number (not125

integer)) string), then 12 is no longer a member of type Y.126

All of these situations as well as several others may cause a type to change127

its members while a program is running.128

3.1 Some Properties of Types129

Notation 31 (⊥ and ⊤). The symbol, ⊥, represents the Boolean false value,130

in a Boolean algebra context; the empty type, in a type system context; or the131

empty set, ∅, in a set theoretical context.132

The symbol, ⊤, represents the Boolean true value, in a Boolean algebra133

context; the universal type, in a type system context; or the universal set, in a134

set theoretical context.135

As illustrated in Fig. 1, Common Lisp programmers may take many ideas136

about types from the intuition they already have from set algebra. Two given137

types may be intersecting such as the case of unsigned-byte and fixnum in the138

figure, (unsigned-byte ∩ fixnum) ̸= ∅. Types may be disjoint such as float139

and fixnum, (float ∩ fixnum) = ∅. Types may have a subtype relation such140

as fixnum and number, (fixnum ⊆ number). Types may have more complicated141

relations such as
(
bit ⊆ (fixnum ∩ unsigned-byte) ⊆ rational

)
.142

unsigned-byte
bit

fixnum

rational

float

number

Fig. 1. Some Common Lisp types showing their intersection and subset relations
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An object can belong to more than one type. Types are never explicitly143

represented as objects by Common Lisp. Instead, they are referred to indirectly144

by the use of type specifiers.145

Definition 2 (type specifier). From the Common Lisp specification [3], a type146

specifier is an expression that denotes a type.147

The symbol random-state, the list (integer 3 5), the list (and list (not148

null)), and the class named standard-class are type specifiers. A further dis-149

cussion including more examples can be found in the Common Lisp specifica-150

tion [3, Sec. 4.2.3].151

New type specifiers can be defined using deftype, defstruct, defclass,152

and define-condition. But type specifiers indicating compositional types are153

often used on their own, such as in the expression (typep x ’(or string (eql154

42))), which evaluates to true either if x is a string, or is the integer 42.155

Two important Common Lisp functions pertaining to types are typep and156

subtypep. The function, typep, a set membership test, is used to determine157

whether a given object is of a specified type. The typep function returns T or158

NIL assuming it is called with valid arguments. Of course typep would trigger159

an error if called with a second argument which does not specify a type: e.g.160

(typep 1 2), as 2 does not specify a type. Another important situation where161

typep signals an error is with regard to certain function types, as explained in162

Sec. 4.8.163

We sometimes wish to ask whether one type, T1, is a subtype of another164

type T2, for this the subtypep is useful: (subtypep T1 T2). If we wish to know165

whether a type is empty, we ask whether it is a subtype of the empty type,166

(subtypep T1 nil). If we wish to know whether the types are disjoint, we ask167

whether their intersection is empty, (subtypep (and T1 T2) nil).168

The function call (subtypep T1 T2) distinguishes three cases:169

1. That T1 is a subtype of T2, returning T, T,170

2. That T1 is not a subtype of T2, returning NIL, T,171

3. Or that subtype relationship cannot be determined, returning NIL, NIL172

Section 3.3 addresses situations in which the subtype relationship cannot be173

determined.174

3.2 Meaning of Type Specifiers175

There is some disagreement among experts as to how to interpret certain se-176

mantics of type specifiers in Common Lisp. The situation that the programmer177

may specify a type such as (and fixnum (satisfies evenp)) is particularly178

problematic, because the Common Lisp specification contains a dubious, non-179

conforming example in the specification of satisfies. The problematic exam-180

ple in the specification says that (and integer (satisfies evenp)) is a type181

specifier and denotes the set of all even integers. This claim contradicts the182

Common Lisp specification in at least two ways.183
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Bourguignon [11] explains the first violation that evenp is not a conforming184

argument of satisfies. The argument of satisfies must designate a predicate,185

which is a function (not a partial function) which returns a generalized Boolean186

as its first value.1 A function which may fail to return is not a predicate. In187

particular (evenp nil) does not return, but instead signals an error.188

The second reason that (and fixnum (satisfies evenp)) is non-conforming189

is that the specification of the AND type specifier states that (and A B) is the190

intersection of types A and B and is thus the same as (and B A). This presents191

a problem, because (typep 1.0 ’(and fixnum (satisfies evenp))) evalu-192

ates to NIL while (typep 1.0 ’(and (satisfies evenp) fixnum)) signals an193

error.194

For the purpose of this article, we assume that (and A B) is the same as (and195

B A). Specifically, we interpret the AND and OR types as being commutative with196

respect to their operands. We would like to consider that type checking with197

typep is side-effect free, and in particular that it never signals an error. This198

assumption would allow programs to reorder the checks as long as we do not199

change the semantics of the Boolean algebra of the AND, OR, and NOT specifiers.200

In the strict sense it is false to assume that typep never signals an error.201

The specification states that certain run-time calls to typep even with well-202

formed type specifiers must signal an error, such as if the type specifier is a203

list whose first element is values or function. Additionally, an evaluation of204

(typep object ’(satisfies F)) will signal an error if (F object) signals an205

error. One might be tempted to interpret (typep object ’(satisfies F)) as206

(ignore-errors (if (F object) t nil)), but that would be a violation of207

the specification which is explicit that the form (typep x ’(satisfies p)) is208

equivalent to (if (p x) t nil).209

3.3 Subtype Relation Unanswerable210

As explained already the subtypep tries to determine whether the two specified211

types are in a subset relation, but there is an important caveat. The subtypep212

function is not always able to determine whether the specified types have a213

subtype relationship or not [4]. In such a case, subtypep returns NIL as its second214

return value.2 This situation occurs most notably in the cases involving the215

satisfies type specifier. Consider Ex. 2 using the types (satisfies evenp)216

and (satisfies oddp). The first problem we face is that an attempt to test217

type membership using such a predicate may be met with errors, such as when218

the argument of the oddp function is not an integer, as shown in Ex. 2.219

Example 2 also illustrates the convention that that code typed by the user is220

typically represented in lower case, and return values printed by the REPL are221

usually represented in capital letters.222

1 Common Lisp functions may return multiple values. Function composition passes
along the first value. Special forms, such as multiple-value-bind, are used to obtain
values other than the first.

2 Recall that Common Lisp functions return multiple values.
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Example 2 (Problems with satisfies).223

CL-USER > (typep 1 '(satisfies oddp))224

==> T225

CL-USER > (typep 0 '(satisfies oddp))226

==> NIL227

CL-USER > (typep "hello" '(satisfies oddp))228

229

The value "hello" is not of type INTEGER.230

[Condition of type TYPE-ERROR]231

Even though usage of satisfies with the predicate oddp is in violation232

of the Common Lisp specification (according to our interpretation explained in233

Sec. 3.2), such usage seems to be fairly common in real-world Common Lisp pro-234

grams. For example the Google corporate Common Lisp coding Style Guide [12,235

Sec Pitfalls] recommends using the human readable form as shown in Ex. 3236

as well as assuring the function prime-number-p “MUST accept objects of any237

type”. Additionally, the Google style guide requires that the predicate be callable238

at compile time.239

We also note here that the example in the Google corporate Style Guide240

violates the advice of Norvig and Pitman [39, p 13] in its usage of when as a241

two-branch expression.242

Example 3 (Google Common Lisp Style Guide advice example.).243

(deftype prime-number ()244

(satisfies prime-number-p )) ; Bad245

(deftype prime-number ()246

(and integer (satisfies prime-number-p )) ; Better247

248

(eval-when (: compile-toplevel249

:load-toplevel250

:execute)251

(defun prime-number-p (n)252

(when (integerp n) ; Better253

(let ((m (abs n)))254

(if (<= m *prime-number-cutoff *)255

(small-prime-number-p m)256

(big-prime-number-p m))))))257

Because of the error demonstrated in Ex. 2 it becomes a little easier if we258

define two types odd and even using deftype, Ex. 4. We see very quickly that259

the system has difficulty reasoning about these types.260

Example 4 (Definition of odd and even types).261

CL-USER > (deftype odd ()262

'(and integer (satisfies oddp )))263

==> ODD264

265

CL-USER > (deftype even ()266
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'(and integer (satisfies evenp )))267

==> EVEN268

269

CL-USER > (subtypep 'odd 'even)270

==> NIL , NIL271

272

CL-USER > (subtypep 'odd 'string)273

==> NIL , NIL274

The subtypep function returns NIL as its second value, indicating that SBCL [48]275

is unable to determine whether odd is a subtype of even. Similarly, SBCL is276

not able to determine that odd is not a subtype of string. This behavior is277

conforming, albeit disappointing. According to the Common Lisp specification,278

the subtypep function is permitted to return the values NIL, NIL (among other279

reasons) when at least one argument involves type specifier satisfies [3].280

SBCL cannot determine whether two arbitrary functions might return true281

given the same argument. The human can see that the types odd and even are282

non-empty and disjoint, and thus neither is a subtype of the other.283

Sometimes, the result of the subtype function can seem curious. Notice that284

(subtypep ’odd ’string) returns NIL, NIL indicating that it was unable to285

determine whether odd is a subtype of string. However, at a glance it would286

seem that subtypep should return NIL, T in this case, indicating that the sub-287

type relation is provably false; i.e. we might be tempted to think that (and288

integer (satisfies oddp)) is definitely not a subset of string. After all,289

(and integer (satisfies oddp)) is a subset of integer, and integer which290

is disjoint from string. But there’s a catch. The system does not know that odd291

and even are inhabited types. If a type A is empty, then in fact (and integer292

A) is a subtype of string, because integer ∩A = ∅ ⊆ string [33].293

4 Function Types294

In this section we explain some interesting and perhaps confusing characteristics295

related to Common Lisp function types.296

1. Function type specifiers do not explicitly describe sets of values, but rather297

valid code transformations (Sec. 4.3).298

2. Function type specifiers in Common Lisp seem to violate the Induced Sub-299

type Rule (ISR) (Sec. 4.4).300

3. The Common Lisp specification does not explicitly explain how to compute301

subset relations between function types (Sec. 4.7).302

4. Common Lisp programs are forbidden from making certain run-time function303

subtype checks (Sec. 4.8).304

4.1 Function Declarations in Common Lisp305

We now make a small digression to show some examples of function declaration306

syntax in order to make more sense of Sec. 4 for the reader unfamiliar with307

Common Lisp syntax.308
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The type of the input variable for a Common Lisp function can be declared309

using the declare form within the function declaration as shown in Ex. 5 which310

declares the input variable of function-1 to have type float. The return value311

of function-1 is left to the compiler to infer. Information about the input and312

output types of a function can also be declared using declaim in conjunction313

with ftype as is the case for function-2 which declares a function which accepts314

a float and returns a string.315

Example 5 (Function type declaration).316

(defun function-1 (x)317

(declare (type float x))318

x)319

==> FUNCTION-1320

(declaim (ftype (function (float) string)321

function-2 ))322

==> (FUNCTION-2)323

(defun function-2 (x)324

(if (zerop x) "hello" "world"))325

==> FUNCTION-2326

4.2 Semantics of Function Types327

Many approaches to type theory assign semantics to what we sometimes call328

arrow types, denoted A → Y . The symbol A → Y carries the intuition of the set329

of functions mapping domain A to range Y , but the specifics vary depending on330

the particular type-theoretical approach taken. As we address in Sec. 4.3, the331

meaning of arrow types in Common Lisp is different from that in other common332

treatments.333

Pierce [44, Ch 9] defines the arrow type formally with a syntax and rewriting334

(evaluation) semantics, such as335

Γ, x : T1 ⊢ t2 : T2

Γ ⊢ λx : T1 . t2 : T1 → T2
[Abstraction] (1)

Γ ⊢ t1 : T11 → T12 Γ ⊢ t2 : T11

Γ ⊢ t1 t2 : T12
[Application] . (2)

The rewriting rules define exactly in which contexts arrow types may appear336

in a program, and exactly what effects they have on program evaluation. That337

is, rules (1) and (2) define exactly how arrow types behave in the type system338

of Pierce without relying on any intuition.339

Castagna et al. [23, Sec 2.6] summarize the constraints of defining arrow340

types consistently. In a one to one interview, when posed the question, “What341

does A → Y mean?” Dr. Castagna responded, “It means whatever you want it to342

mean for the type system you are trying to define, as long as you are consistent.”343

He continued by giving an example of on-going work in which he defines arrow344

types for a lazy language[2] in which certain terms may diverge as long as they345

are never evaluated.346
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Definition 3 (arrow type). If A and Y denote types, we take A → Y to mean347

the set of all unary functions mapping every element of type A to an element of348

type Y .349

If we take Def. 3 to be the definition of arrow types, then we explicitly define350

the type to exclude functions which diverge or loop forever, even though it is im-351

possible to distinguish the two programmatically. The function strange-function352

defined in Ex. 6 is not in integer → integer according to Def. 3, because there353

exist integers, namely 0 and 1, for which the function fails to return an integer.354

Example 6 (Definition of strange-function).355

(defun strange-function (x)356

(declare (type integer x))357

(case x358

((0)359

(loop :while t)) ; loop forever360

((1)361

(error "some error"))362

(t363

(+ 1 x))))364

4.3 Subtypes of Function Types365

It is natural to ask under which conditions there is a subtype relation between366

two given arrow types. Common Lisp provides two mechanisms for specifying367

subtypes of function. The first is by using the Metaobject Protocol (MOP) [42,368

35, 18]. With this approach, we use the object system, Clos [26], to define classes369

which inherit from the function class, and simultaneously from other mix-in370

classes to extend the behavior of function objects. When function subclasses371

are defined this way, Common Lisp updates the type lattice with new types372

corresponding to these classes, which behave as one would expect with regard373

to subtypep.374

The second way the Common Lisp type system provides for describing sub-375

types of function is with a particular type specifier syntax. This syntax specifies376

a subtype of function which depends on the types of parameters and return377

value. An s-expression such as (function (arg-types) return-type) desig-378

nates a subtype of function. Although the Common Lisp syntax allows specify-379

ing multiple arguments as well as optional arguments and multiple return values,380

we limit our discussion to unary functions with a single return value.381

The explanation of the function type in the Common Lisp specification is382

vague. Rather than a clear statement of what (function (A) Y) means in terms383

of types A and Y, [3, Sec. FUNCTION] gives an explanation which is neither a384

necessary condition nor a sufficient condition for a function to be an element of385

such a type:386

Claim. Every element of type (function (A) Y) is a function that accepts ar-387

guments of type A and returns values of type Y .388
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The specification further explains that if F has type (function (A) Y), the389

consequences are undefined if F is called with an element not of type A. The390

specification does not indicate exactly what “a function that accepts arguments391

of type A” means; i.e. it is unclear whether this means that only elements of A392

are valid arguments of the function, that every element of A is valid argument393

of the function, or that some elements of A are valid arguments of the function.3394

However, it does clarify that if the argument is not in A, then the result is not395

guaranteed to be in Y .396

Rather than directly defining the semantics of the type (function (A) Y),397

the specification says:398

Claim (Call-site rewriting rule).399

If a function F is declared of type (function (A) Y), then any call such as (F400

x) may be replaced with the transformed code (the Y (F (the A x))).401

The Common Lisp special operator the specifies that the value (or values)402

returned from the form are of the designated type[3].403

Because of Claim 4.3, we infer Def. 4, which we did not find anywhere ex-404

plicitly stated in the Common Lisp specification.405

Definition 4 (Lisp function type). The type (function (A) Y) is the largest406

set of functions which has the following property: if F is in the set, then every call407

site of the form (F x) can be replaced with (the Y (F (the A x))), without408

changing the evaluation of the call site.409

An admitted weakness of Def. 4 is that it is not general enough to apply to410

functions called indirectly such as the following because the implementation of411

mapcar cannot be redefined and recompiled for every different type of function412

pass as its first argument.413

CL-USER > (mapcar #'F (list 1 2 3 4 5))414

The Common Lisp specification (still in [3, Sec. FUNCTION]) states that an415

ftype declaration for a function describes calls to the function, not the actual416

definition of the function. The ftype declaration is explained in the Common417

Lisp specification[3], as specifying that the named functions (global or local) are418

of the indicated function type. The exact set-theoretical properties of calls to419

functions are still unclear, and as we will discuss in Sec. 4.7, the definition was420

also up for debate during the Common Lisp specification process. For this reason421

(and others which we describe in the following sections), we omit considerations422

of function types from the type specifier discussions in the following chapters.423

4.4 The Induced Subtype Rule (ISR)424

The subtyping consequence, Corollary 1 follows from Def. 3.425

3 A restaurant may accept credit cards, but may at the same time not accept American
Express.
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Corollary 1. If arrow types are defined as in Def. 3, then whenever B ⊆ A, we426

have (A → Y ) ⊆ (B → Y ).427

Proof. We can see this by taking an f ∈ A → Y , and showing that necessarily428

f ∈ B → Y .429

Suppose B ⊆ A, and take β ∈ B. Since all elements of B are in A, we have430

β ∈ A so (fβ) ∈ Y .431

Section 4.6 explains that this consequence does not apply to the Common432

Lisp type system. This discrepancy is mentioned in the X3J13 cleanup issue,433

FUNCTION-TYPE-ARGUMENT-TYPE-SEMANTICS:RESTRICTIVE [49].434

The cleanup issue says that function argument type semantics are different from435

what users expect. One might wonder what would happen if we considered func-436

tion type specifiers as behaving like other Common Lisp types specifiers with437

regard to set semantics. Under such an assumption, we would be able to reason438

about the semantics of such types using the semantics of sets. What we find,439

however, is that some familiar intuitions fail. In this section (Sec. 4.4) we see440

that a principle known as ISR (Claim 4.4) fails, and in Sec. 4.7 we see that441

certain intuitions regarding type intersection fail.442

Claim (Induced subtype rule, ISR).443

If A ⊆ B and X ⊆ Y , then B → X is a subtype of A → Y , denoted (B → X) ⊆444

(A → Y ).445

Claim 4.4 is not actually a principle supported in Common Lisp rather it446

is an assumption some users make as is further discussed in Sec. 5. The claim,447

which is a generalization of Corollary 1, is basically saying that function types448

are (should be) covariant with respect to return type and contravariant with449

respect to argument type. Castagna [14, Sec. 2.2] provides a proof of this claim450

and for a weaker version of its converse.451

As Barnett [25, 5] suggested, if Common Lisp had been specified to implement452

ISR, the one of Common Lisp early implementation goals to support incremental453

compilation could have been better supported. I.e., if a function is incrementally454

redefined in an interactive session, then call-sites are dubious and may need to455

be recompiled as well. However, if the function was changed to narrow its type,456

i.e. to accept a larger type of input or produce a smaller type of output, then457

call-sites need not be recompiled.458

Since function type specifiers are valid arguments to the subtypep function,459

we can test Claim 4.4 using SBCL version 2.2.9 as in Examples 7 and 8. In Ex. 7,460

we see results which agree with the ISR. We see that since fixnum ⊆ number,461

then subtypep considers (function (T) fixnum) to be a subtype of (function462

(T) number), and (function (T) number) not to be a subtype of (function463

(T) fixnum).464

Example 7 (Function type specifiers with covariant return types).465

CL-USER > (subtypep '(function (t) fixnum)466

'(function (t) number ))467
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==> T,T468

469

CL-USER > (subtypep '(function (t) number)470

'(function (t) fixnum ))471

==> NIL ,T472

In contrast to Ex. 7, in Ex. 8 we see that subtypep does not respect ISR473

with respect to contravariance of function arguments. The subtype function, at474

least in SBCL, believes475

(fixnum → ⊤) ⊆ (number → ⊤)

and476

(number → ⊤) ̸⊆ (fixnum → ⊤) .

Example 8 (Function type specifiers with contravariant argument types).477

CL-USER > (subtypep '(function (number) t)478

'(function (fixnum) t))479

==> NIL ,T480

481

CL-USER > (subtypep '(function (fixnum) t)482

'(function (number) t))483

==> T,T484

4.5 Degenerate Function Types485

In this section, we take a brief look at arrow types composed of ⊤ and ⊥. We see486

that Common Lisp, in particular SBCL, supports these degenerate arrow types487

even though they seem to violate the definition of arrow types from Def. 4. First488

we derive a property of types ⊤ → ⊥ and ⊥ → ⊤ in Corollary 2, then test the489

predictions in Ex. 9.490

A consequence of Claim 4.4 is shown in Theorem 1, and we can test the491

predictions of the theorem as shown in Ex. 9.492

Theorem 1. Given types A, B, X, and Y ,493 (
(A ∪B) → (X ∩ Y )

)
⊆ (A → Y ) ⊆

(
(A ∩B) → (X ∪ Y )

)
.

Proof. Since A ⊆ A ∪B and Y ∩X ⊆ Y by ISR we can conclude that494

((A ∪B) → (X ∩ Y )) ⊆ (A → Y ) .

Since A ∩B ⊆ A and Y ⊆ X ∪ Y , then by ISR we can conclude that495

(A → Y ) ⊆
(
(A ∩B) → (X ∪ Y )

)
.

So together we have496 (
(A ∪B) → (X ∩ Y )

)
⊆ (A → Y ) ⊆

(
(A ∩B) → (X ∪ Y )

)
.
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In this section we take a brief look at the degenerate cases of Theorem 1.497

Corollary 2. (⊤ → ⊥) ⊆ (⊥ → ⊤).498

Proof. Let B = ¬A and X = ¬Y , and apply Theorem 1.499

A note about notation: the Common Lisp type specifier (function (t) nil)500

which we also denote as ⊤ → ⊥, has the sense of functions whose argument501

comes from the universal type t and whose return value comes form the empty502

set. In Common Lisp a function that returns, necessarily returns a value, so if a503

return value comes from empty set, that means the function does not return, for504

example by a transfer of control such as non-local exit, or signaling a condition.505

In Common Lisp, so-called conditions [29] generalize what are modeled as506

exceptions in many languages. Conditions need not be exceptional, neither in-507

dications of error. A condition may notify the calling function of an error, a508

warning, an information notification, an advisory event, or possibly many other509

things. A critical difference between a Common Lisp condition and an exception510

(like in Java) is that conditions can be handled without unwinding the stack,511

and in some cases the condition handler may take an action which causes the512

execution to continue from the point where the condition was signaled.513

In Ex. 9 we test Corollary 2. We see that SBCL does not respect the ISR.514

According to SBCL (⊤ → ⊥) is not a subtype of (⊥ → ⊤). In fact neither is a515

subtype of the other.516

Example 9 (Testing Corollary 2 in SBCL).517

CL-USER > (subtypep '(function (t) nil)518

'(function (nil) t))519

==> NIL ,T520

521

CL-USER > (subtypep '(function (nil) t)522

'(function (t) nil))523

==> NIL ,T524

The correspondence of ⊤ → ⊥ and ⊥ → ⊤ to Common Lisp types is difficult525

to grasp. We see in the Ex. 10 that neither (function (nil) t) nor (function526

(t) nil) is empty as neither is a subtype of nil.527

Example 10 (Degenerate function non-empty).528

CL-USER > (subtypep '(function (nil) t) nil)529

==> NIL ,T530

531

CL-USER > (subtypep '(function (nil) t) t)532

==> T,T533

534

CL-USER > (subtypep '(function (t) nil) t)535

==> T,T536

537

CL-USER > (subtypep '(function (t) nil) nil)538

==> NIL ,T539
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According to Def. 3, a function in ⊥ → ⊤ is a function which gets is input540

argument from empty set. It is possible in Common Lisp to define such an541

absurd function, as shown in Ex 11, albeit with lots of warnings. However, it is542

impossible to call such a function correctly, because to do something we’d have543

to find a value in the empty set to pass as argument.544

Example 11 (Functions types non-disjoint).545

CL-USER > (defun absurd (x)546

(declare (type nil x))547

42)548

; in: DEFUN ABSURD549

; (TYPE NIL X)550

;551

; caught WARNING:552

; The type declarations T and NIL for X conflict.553

; See also:554

; The SBCL Manual , Node "Handling of Types"555

556

; (SB-INT:NAMED-LAMBDA ABSURD557

; (X)558

; (DECLARE (TYPE NIL X))559

; (BLOCK ABSURD 42))560

;561

; caught STYLE-WARNING:562

; The variable X is defined but never used.563

;564

; compilation unit finished565

; caught 1 WARNING condition566

; caught 1 STYLE-WARNING condition567

==> ABSURD568

We further see in Ex. 12 that the two types, (function (nil) t) and569

(function (t) nil), are non-disjoint (i.e. intersecting) types, at least as far as570

SBCL is concerned.571

Example 12 (Functions types non-disjoint).572

CL-USER > (subtypep '(and (function (nil) t)573

(function (t) nil))574

nil)575

==> NIL ,T576

By Def. 4, (function (nil) t) is the set of functions F such that (F x)577

can be replaced everywhere with (F (the nil x)). Likewise, (function (t)578

nil), is the set of functions G such that (G x) can be replaced with (the nil579

(G x)). According to the subtypep implementation in SBCL, those are two580

distinct, intersecting, non-empty sets of functions. Exactly which two sets of581

functions are specified by these type specifiers is not clear.582
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Before leaving the discussion of degenerate arrow types in Common Lisp, we583

look briefly at ⊥ → ⊥ and ⊤ → ⊤. Example 13 shows that in Common Lisp we584

have ⊥ → ⊥ ⊊ ⊤ → ⊤, a strict subset relation.585

Example 13 (subtypep with degenerate arrow types).586

CL-USER > (subtypep '(function (nil) nil)587

'(function (t) t))588

==> T,T589

590

CL-USER > (subtypep '(function (t) t)591

'(function (nil) nil))592

==> NIL ,T593

The strict subset relation between ⊥ → ⊥ and ⊤ → ⊤ makes sense according594

to Def. 4. (function (t) t) is the set of unary functions which either diverge595

or not, i.e. the set of functions F for which (F x) can be replaced by (the t596

(F (the t x))); while (function (nil) nil) contains only functions which597

diverge, i.e. (F x) can be replaced with (the nil (F (the nil x))). It is,598

however curious to note that (function (nil) nil) does not contain all di-599

vergent unary functions, because, as Ex. 13 also shows, ⊥ → ⊥ ⊊ ⊤ → ⊥, i.e. a600

strict subset relation.601

4.6 Intuition of Function Type Intersection602

The examples and results shown in Secs. 4.4 and 4.5 may come as a surprise603

to some readers, as they seem in violation of ISR. The theory of semantic sub-604

typing [24] is a branch of computer science which attempts to put consistent605

semantics on types and subtypes to intuitively align with set theoretical seman-606

tics. As we explain in more detail in Sec. 6, at the time Common Lisp was607

being specified, the theory of semantic subtyping was not yet well understood.608

The Common Lisp specification does not explain explicitly how the subtypep609

function should behave given function type specifiers.610

To illustrate the failing intuition of intersection, consider the stringify func-611

tion:612

(defun stringify (x)613

(format nil "~A" x))614

The function stringify certainly maps all ratios to string. According to615

Claim 4.3 we might be tempted to think that the function stringify is an616

element of the type (function (ratio) string), and since the function also617

maps integers to strings, we might be tempted to think that it is an element of618

type (function (integer) string). Furthermore, since the function is in both619

types, it must be an element of the intersection of the two types. Such an inter-620

pretation of Claim 4.3 would be erroneous according to the call-site rewriting rule621

(Claim 4.3). If the function stringify were a member of (function (ratio)622

string) then we would be able to rewrite any call-site, even (stringify 3.1416),623

by the call-site rewriting rule. But we know that (stringify 3.1416) is not624
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equivalent to (the string (stringify (the ratio 3.1416))), as 3.1416 is625

not an element of the type ratio.626

Similarly, staying with our erroneous intuition, if a function is in the intersec-627

tion of the two types: (function (ratio) string) and (function (integer)628

string), i.e., if that function maps both ratios and integers to strings, then629

that function maps all (or ratio integer) to strings.4 From this logic, and in630

keeping with the intuitions of semantic type theory, one would conclude that the631

intersection of the two types was simply632

(function ((or ratio integer)) integer)

= (function (rational) integer) .

One would infer the rule (A → Y ) ∩ (B → Y ) = A ∪B → Y . However, as ex-633

plained in Sec. 4.7, the Common Lisp type system works differently in relation634

to function type intersection.635

4.7 Calculation of Function Subtype Relation is Under-Specified636

Section System Class FUNCTION of the Common Lisp specification does637

not specify how to compute the intersection of two function types of the same638

arity, but it does specify what rule the compiler may apply whenever a function is639

simultaneously declared to be in two function types. We state the rule restricted640

to unary function with a single return value. If the two type declarations for641

function F are in effect:642

(function (A) X)643

(function (B) Y)644

then within the shared scope of the declarations, calls to F can be treated as if645

F were declared as the following:646

(function ((and A B)) (and X Y))647

We restate here the Common Lisp definition of function type intersection648

using arrow notation.649

Claim (Intersection induced subtype relation). If A, B, X, and Y are types, then650

the following relation holds with regard to intersections:651

(A → X) ∩ (B → Y ) ⊆ (A ∩B) → (X ∩ Y )

Doel [19] points out that the two are not in explicit contradiction. However,652

the intersection in Claim 4.7 is different from what we would guess from the ISR653

(Claim 4.4), which says that654

(A → Y ) ∩ (B → Y ) ⊆ (A ∪B) → Y .

We also find no description in the Common Lisp specification for answering655

subtype questions about unions and complements of functions or functions of656

unions and complements.657

4 In Common Lisp the name given to (or ratio integer) is rational.
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4.8 Run-Time Type Check of Functions Considered Harmful658

At run-time a program is allowed to use typep to check whether an object is659

of type function, but only in the most simple form. An expression such as660

(typep object ’function) is permitted. However, the specification explicitly661

forces any run-time call to typep to signal an error, if a function type such as662

(function () t) is given as in Ex. 14.663

Example 14 (Certain function types are not legal arguments of typep.).664

CL-USER > (typep (lambda () 42) 'function)665

==> T666

667

CL-USER > (typep (lambda () 42)668

'(function () fixnum ))669

670

Function types are not a legal argument to TYPEP:671

(FUNCTION NIL (VALUES FIXNUM &REST T))672

[Condition of type SIMPLE-ERROR]673

The specification does not justify the requirement that typep signal an er-674

ror. One might naively think that the specification prohibits implementations675

for doing a correct job; i.e., (typep (lambda (x) x) ’(function (t) t)) is676

prohibited to evaluate to T. We believe motivation for this requirement is in-677

deed justified, and simply (and regrettably) undocumented in the specification.678

Imagine that A, B, and X are type specifiers and that (subtypep ’A ’B) returns679

NIL, NIL, indicating that the subtype relation cannot be determined. Further680

imagine that the function f has type A → X. In this case it would be impossible681

for (typep #’f ’(function (B) X)), as the internal call (subtypep ’A ’B)682

will have returned NIL, NIL (i.e., don’t know).683

On the contrary, it is not clear from the specification what should occur with684

a run-time call to subtypep with the list form of a function type specifier. The685

specification contains what some people might interpret as contradictory infor-686

mation. It says, “The list form of the function type-specifier can be used only for687

declaration and not for discrimination.” A call to subtypep is arguably neither688

declaration nor discrimination, at least not object discrimination. Even so, a689

run-time call to subtypep is not a declaration. We might reasonably conclude,690

based on that statement, that subtypep is not allowed to be called with the list691

form of a function type specifier, but that conclusion would be premature.692

On the other hand, the specification for subtypep has a non-definitive clarifi-693

cation. It says “subtypep is permitted to return the values NIL, NIL (i.e., don’t694

know) only when at least one argument involves one of these type specifiers: and,695

eql, the list form of function, member, not, or, satisfies, or values.” Even696

though only when does not mean if, we nevertheless interpret this statement to697

mean that a call to subtypep with function type specifiers is allowed.698

The problem of these inconsistencies seems to imply that programs should699

not rely on the return value of subtypep when dealing with function types.700
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5 A Historical Perspective701

Concerning the inconsistencies mentioned in Sec. 4.8, it would seem that at702

least one of the contributors to the X3J13 cleanup issue, FUNCTION-TYPE--703

ARGUMENT-TYPE-SEMANTICS:RESTRICTIVE [49] shared our view, at least704

to some extent. We find a remark in the final paragraph of the cleanup issue,705

that the notion of “subtype” does not make sense in conjunction with the list706

form of function types because it is different from most type specifiers.707

It would appear that the architects of Common Lisp were not oblivious to708

the question of whether ISR should apply to Common Lisp function types. As709

mentioned briefly above, there is an X3J13 cleanup issue named FUNCTION--710

TYPE-ARGUMENT-TYPE-SEMANTICS:RESTRICTIVE [49]. This issue dis-711

cusses the problem that the function argument type semantics are different from712

what users expect. It is mentioned that CLtL [55, pp 47-18] requires the cons713

function be type (function (t t) cons) and also of type (function (float714

string) list). If this requirement is interpreted according to ISR, then the715

author is suggesting that (function (float string) list) is a subtype of716

(function (t t) cons) with covariant return value, list ⊆ cons; but con-717

travariant arguments, float ⊆ ⊤ and string ⊆ ⊤.718

According to the accepted Common Lisp specification (rather than that pro-719

posed in the cleanup issue), the cons function is not of type (function (float720

string) list), because (cons t nil) is a valid call to cons but (the list721

(cons (the float t) (the string nil))) is not.722

There is also a discussion in the X3J13 email archive [25, 5] initiated by723

Jeff Barnett where he suggests and explains the ISR (of course without using724

that name) in what he called “PROBLEM II”. His argument is that if T1 ⊆725

T2 ⊆ T3, then (T3 → T1) ⊆ (T2 → T2) and (T1 → T3) ̸⊆ (T2 → T2). Barnett726

demands that the subtypep function “must reverse the order of its arguments727

when checking argument types—original order is used when value types are728

checked.” His reasoning was that most Common Lisp implementations included729

incremental compilation. And if a function is edited and recompiled in a way730

which narrowed its type (new type is a subtype of previous type) the compiler731

need not warn about call-sites. However, if the function type was changed in any732

other way, call sites might or might not be invalid.733

Barnett’s comments were motivated [8] by experience with the CRISP [9,734

7, 6] language from the early 1970s which was part of a speech understanding735

systems in which run time efficiency was highly important. The CRISP language736

was specified to be a strongly typed Lisp dialect, which defined types and in737

particular function types in a way compatible with what we now call ISR. The738

CRISP language defined a type [9, p. 49] as a collection of objects.739

Unfortunately, the only follow-up response to “PROBLEM II” was by Nick740

Gall [25, 27], who made a dubious claim which was never challenged. He claimed741

“The type specifier (FUNCTION ...) is not acceptable to TYPEP (pg. 47), there-742

fore it is not acceptable to SUBTYPEP (pg. 72).” According to an interview with743

Nick Gall, he clarified that page 47 and 72 are referring to CLtL [54] edition 1744
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(not 2). Contrary to the Gall’s claim, however, we could not find anywhere in745

the Common Lisp specification where run-time calls to subtypep are prohibited.746

6 Related Work747

Tobin et al. [58] argue that during the 1990s and later, developers preferred748

languages such as Lisp, Ruby, Python, and Perl because the statically typed749

languages which existed at the time lacked the flexibility they needed. The au-750

thors present a system for migrating programs incrementally by declaring types751

within Racket programs which were previously implemented exploiting the flex-752

ibility of a language lacking type declarations.753

Castagna et al. [13] argue as well that many programmers prefer the flexibility754

and development speed of dynamically typed languages, but that, nevertheless,755

compilers may infer types from the program if certain language constructs exist.756

The authors explore gradual typing in languages which support set-theoretical757

types–languages whose types support union, intersection, and complementation.758

In particular they argue that adding such set theoretical operations to a type759

system facilitates a smooth transition from dynamic typing to static typing while760

given even more control to the programmer.761

Around the time Common Lisp was under development, other programming762

language researchers were experimenting with set semantics for types. We have763

not been able to determine how much of this research influenced Common Lisp764

development or vice versa. Dunfield [21] discusses works related to intersection765

types, but omits explicit references to the Common Lisp type system. He does766

mention the Forsythe [47] programming language developed in the late 1980s,767

which provides intersection types, but not union types. Dunfield claims that in-768

tersections were originally developed in 1981 by Coppo et al. [16], and in 1980769

by Pottinger [45] who acknowledges discussions with Coppo and refers to Pot-770

tinger’s paper as forthcoming. Work on union types began later, in 1984 by771

MacQueen et al. [36].772

As in Common Lisp, languages which support intersection and union types [13,773

15, 43], should also be consistent with respect to subtype relations. Frisch et774

al. [24] referred to this concept as semantic subtyping. In particular, the union775

of types A and B should be a supertype of both A and B, the intersection of776

types A and B should be a subtype of both A and B, and if A is a subtype of B,777

then the complement of B should be a subtype of the complement of A. While778

Coppo and Dezani [17] discuss intersection types in 1980, according to a private779

conversation with one of the authors, Mariangiola Dezani, theoretical work on780

negation types originates in Castagna’s semantic subtyping.781

The theory of intersection types seems to have some influence on modern782

programming language extensions, at least in Java and Scala. Bettini et al. [10]783

(including Dezani, mentioned above) discuss the connection of Java λ-expressions784

to intersection types.785

The Scala language [41] supports a type called Either as part of its standard786

library. This type serves some of the purpose of a union type. Either[A,B] is a787
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composed type, but has no subtype relation neither to A nor to B. Either lacks788

many of the mathematical properties of union; it is not associative789

Either [Either [A,B], C] ̸= Either [A,Either [B,C]] ,

neither is it commutative790

Either [A,B] ̸= Either [B,A] .

Sabin [52] discusses user level extensions to the Scala type system to support791

intersection and union types. However, Sabin [51] also recommends that no one792

use his implementation in real code. Doeraene [20, 32] introduces pseudo-union793

types in Scala.js. Scala 3 [1, 50, 40] includes support for intersection and union794

types in a type lattice, but not complementary types.795

In Sec. 4 we gave special attention to questions about the (function (...)796

...) type in Common Lisp, with particular attention to the ISR. The section ex-797

plains some of the historical perspectives which lead us to believe that the Com-798

mon Lisp specification does not respect ISR. The specification, in our opinion,799

should either have an explicitly defined way to calculate the subtype relation for800

function types, or it should prohibit their usage in conjunction with subtypep.801

We realize our opinion may be controversial. The opinion of Bourguignon and802

others may be found in [38]. Finally, the Scala language [41, 46], allows pro-803

grammers to decide within function and class declaration, which parameters are804

covariant, contravariant, or invariant.805

7 Perspectives806

In this article we have presented an analysis from the point of view of a user of807

the Common Lisp language, not as a compiler developer. A valid question might808

be: what could the compiler developers do to make function types semantics con-809

forming but less confusing. We don’t offer an answer to this question at present.810

If the analysis we offer, sparks a discussion, we consider our effort profitable.811

We have done some investigation of function subtype semantics in one other812

Common Lisp implementation, CLISP version 2.49.92 (2018) [28]. We observed813

that in most of the non-trivial cases where SBCL returns confusing results about814

arrow types, clisp simply returns NIL, NIL (i.e., don’t know) which is of con-815

forming behavior, but not informative.816

We have omitted any discussion or historical search of tuple types. Common817

Lisp supports a tuple type named cons, which is simultaneously used to describe818

list types. There are X3J13 cleanup issues related to this, e.g., RECURSIVE-819

DEFTYPE:EXPLICITLY-VAGUE.820

For a better historical perspective, we would like to continue the investiga-821

tion of the origins of the Common Lisp type system. We see several ideas in the822

Common Lisp type system which were areas of research outside the Lisp commu-823

nity during the time period that Common Lisp was being developed. However,824

we have not been able to find references between the two research communities.825
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For instance Common Lisp defines type as a set of objects; similarly Hosoya and826

Pierce [30, 31] simplify their model of semantic subtyping by modeling a type827

as a set of values of the language. Castagna and Frisch [15] claim that allow-828

ing function types to be sets rather than recursively defined structures with set829

semantics leads to a cardinality error where the set of objects contains its own830

power set.831
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