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Abstract. In classical finite automata theory over finite alphabets,5

questions of language inclusion and intersection are routinely ad-6

dressed by checking vacuity or habitation of the language of the re-7

sulting automaton—operations that are both decidable and determin-8

istic. However, when extending the theory to symbolic finite automata9

over infinite alphabets with semi-Boolean subtype predicates (return-10

ing true/false/dont-know), these operations can become undecidable and11

nondeterministic. This divergence introduces subtle but critical chal-12

lenges for both the theory and practice of symbolic automata.13

In this paper, we explore this divergence in depth, focusing on the failure14

of determinism in vacuity and habitation checks. To support our theoret-15

ical results, we revisit and generalize several foundational constructions16

from classical automata theory, adapting them to accommodate chal-17

lenges of symbolic setting. We also describe a property-based testing18

strategy for symbolic automata libraries, implemented in Clojure, that19

uses randomized automaton generation and difference checking to detect20

semantic inconsistencies. In particular, we present an algorithm that can21

often distinguish habitation from vacuity efficiently, even in undecidable22

settings. These findings have practical implications for the reliability of23

symbolic automata tools and the correctness of automata-based language24

processing.25

1 Introduction26

When extending classical finite automata theory to infinite alphabets, many core27

intuitions continue to hold. For example, regular expressions still correspond to28

equivalence classes of finite automata, and vice versa. Nondeterministic finite29

automata (NFAs) can still be determinized. A regular expression can still be30

extracted from a finite automaton, and the language of a regular expression can31

still be understood—at least in most practical cases—by examining an equivalent32

automaton. Boolean combinations of languages can likewise be represented using33

either regular expressions or their corresponding automata.34

However, when symbolic automata are introduced—especially over infinite35

alphabets with semi-Boolean (true/false/dont–know) subtype predicates—new36

challenges emerge: undecidabile operations and non-determinism which are in-37

troduced by semi-Boolean predicates have no counterpart in the classical theory.38



What makes this line of research compelling is precisely this: while much39

of symbolic automata theory mirrors the classical case; subtle, important diver-40

gences arise. A goal of this paper (in Section 3) is to explain one such divergence.41

In the classical setting, vacuity and habitation checks are always decidable and42

deterministic. But under our generalization, these checks can become undecid-43

able — a difference that has serious implications for both theory and practice.44

While the central contribution of this paper is theoretical, its formulation45

depends on a careful adaptation of concepts from classical automata theory to46

the symbolic setting. For this reason, a significant portion of the paper (Section 2)47

is devoted to revisiting foundational construct in the context of symbolic finite48

automata. Although these aspects are well-understood in the classical theory,49

their symbolic analogs introduce subtle complexities that must be addressed50

explicitly in order to make our main result both meaningful and verifiable.51

Building on this theoretical groundwork, we [28] have implemented symbolic52

finite automata libraries [25, 27, 26, 24] in several programming languages: Com-53

mon Lisp [2], Scala [32, 33], Python [35], and Clojure [14]. This paper focuses54

on the Clojure-based implementation, and further expounds upon how such a li-55

brary can be tested for correctness. We use a 5-step, property-based testing flow56

that includes both previously established and newly developed components:57

1. (New) Construct random finite automaton: Section 4.2.58

2. Extract a regular expression from it: [36, Sec 2.4.2].59

3. Reconstruct a finite automaton from the regular expression: Section 2.2.60

4. XOR two finite automata producing a difference-automaton: Newton [31].61

5. (New) Assert language vacuity of the difference-automaton: Section 3.62

If the flow finds the language of the difference-automaton unexpectedly in-63

habited, then we know there is a bug in our software library. In this work we64

elaborate on steps 1, 3, and 5 of the flow. Step 2 follows existing state of the art,65

and is left for future refinement. Step 4 is previous work. While step 3 has been66

addressed in previous work, we revisit and clarify key theoretical aspects here.67

1.1 Our Contribution68

1. A finite automata-based proof of the Brzozowski derivative of the comple-69

ment of an RTE.70

2. An algorithm for proving habitation of some σCDFAs.71

3. An algorithm for generating randomized symbolic finite automata.72

4. A property-based testing flow to partially verify σCDFA library.73

1.2 Previous Work74

Brzozowski [4] introduced the derivative in 1964. Owens et al. [34]modernized the75

algorithm and applied to regular pattern recognition for sequences of characters,76

noting that a practical obstacle to this approach is computation intensity when77

generating finite automata over excessively large alphabets.78
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In [22], Newton used deterministic finite automata (DFA) and RTEs to recog-79

nize heterogeneous Common Lisp [2] sequences based on type patterns. Newton80

and Verna [30] addressed certain meta programming aspects of RTEs. New-81

ton [28] generalized RTEs to a wider range of programming languages.82

D’Antoni and Veanes [7] and Newton [28] argue that symbolic FA with gen-83

eralization that infinite alphabets be partitioned into finitely many equivalence84

classes retains many good properties of the finite-alphabet counterpart.85

Grigore [12], Kennedy and Pierce [18], discuss subtype decidability in86

Java [11], Scala [32, 33], C#, and .NET Intermediate Language. The work curi-87

ously lacks citations for C# and .NET IL, as if the reader is already intimately88

familiar with C# and .NET.89

In Section 2.1 we discuss types as sets. Newton [29] introduced SETS to90

designate types with set semantics in Python [35], Clojure [14], and Scala [32],91

inspired by the Common Lisp [2] type system. Frisch [10] et al. discuss set-based92

type semantics in non-dynamic languages, arguing against treating types as sets93

leads to cardinality contradictions in such systems. We avert this pitfall, because94

no dynamic language that we use supports run-time membership checks of non-95

trivial function types: f ∈ X → Y . Common Lisp [2, Section TYPEP] explicitly96

forbids this runtime check.97

Clojure Spec [21, 15, 14], metosin [13], and seqexp [1] support forms of type98

pattern recognition. Spec is based on finite automata theory at all or rather on99

NFA (non-deterministic finite automata) work by Might et al. [20], and thus100

leading to exponential complexity because of backtracking. As far as we can tell,101

seqexp does not use a finite automata approach.102

2 Symbolic Finite Automata103

In this section we outline the theoretical and practical construction of symbolic fi-104

nite automata (σFA). We base our description heavily on intuition from classical105

finite automata theory. The reader already intimately familiar with the classical106

theory might want to skim this section, concentrating primarily on Definitions 2107

and 3, and Proposition 2.108

Definition 1 (complemented type space, type designator, type). Let109

Σ be a possibly infinite set and Υ be a recursively defined set of symbols each110

corresponding to a subset of Σ. For each ν ∈ Υ , let JνK denote the subset of Σ111

corresponding to ν. ν is called a type designator, and JνK is called a type. (Σ,Υ )112

is called a complemented type space if:113

1. Terminal: There are a symbols Σ, ∅ ∈ Υ , with JΣK = Σ and J∅K = ∅ ⊂ Σ.114

2. Complement: ν ∈ Υ =⇒ ∃ ν ∈ Υ with J ν K = JνK ⊂ Σ.115

3. Intersection: ν, µ ∈ Υ =⇒ ∃(ν ∩ µ) ∈ Υ with Jν ∩ µK = JνK ∩ JµK ⊂ Σ.116

4. Union: ν, µ ∈ Υ =⇒ ∃(ν ∪ µ) ∈ Υ with Jν ∪ µK = JνK ∪ JµK ⊂ Σ.117

As a conventional abuse of notation, Σ represents both the universal set (the118

universal type) and also the type designator. Likewise, the symbol ∅ is used both119
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as the empty set as well as the designator thereof. To clarify notation, Σ ∈ Υ120

and ∅∈Υ are type designators, while Σ⊂Σ and ∅⊂Σ are types.121

Definition 2 (symbolic finite automaton, σFA).122

A symbolic finite automaton, σFA, is a tuple: A = (Σ,Υ,Q, q0, F, T ) where:123

1. (Σ,Υ ) is a complemented type space.124

2. Q is a finite set of so-called states.125

3. q0 ∈ Q is the so-called initial state.126

4. F ⊆ Q is the set of so-called accepting states.127

5. T ⊆ Q× Υ ×Q is a finite set of so-called transitions.128

A transition, (q, ν, r) ∈ T , is also denoted q
ν−→ r . We refer to q ∈ Q as the129

origin of the transition, r ∈ Q as the target, and ν ∈ Υ as the label.130

Often, in the literature, a non-deterministic finite automaton is defined as131

having a set of initial states. We have no need for this generalization, as the132

main purpose of Definition 2 is to later define σCDFA in Definition 8.133

q0 q1 q2

ν1

ν2

ν3

q0 q1 q2

⊥

ν1

ν2

ν3

Σ

ν4
ν5

Σ

Fig. 1: Symbolic Finite Automata σFA: (left) incomplete, (right) complete as-
suming ν4 = Σ \ ν1, and ν5 = Σ \ (ν2 ∪ ν3). The additional state, ⊥, called the
sink state, is explained in Proposition 1.

Definition 3 (un/satisfiable transition). A transition q
ν−→ r is called un-134

satisfiable if JνK=∅ even if ν ̸=∅∈Υ ; else the transition is called satisfiable.135

Note that it is possible that JνK = ∅ ⊂ Σ without ν = ∅ ∈ Υ ; e.g., ν ∩ ν ∈ Υ136

is a symbol in the type space distinct from the symbol ∅ ∈ Υ . However, Jν∩ ν K =137

JνK ∩ J ν K = ∅ ⊂ Σ.138

Definition 4 (ξA, exiting labels). Let A = (Σ, Υ,Q, q0, F, T ) be a symbolic139

finite automaton. Denote the power set of Υ by 2Υ . Define the exiting labels140

function, ξA : Q → 2Υ , by ξA(q) =
{
ν ∈ Υ

∣∣∣ ∃r ∈ Q, q
ν−→ r ∈ T

}
.141

Definition 5 (partition). A partition of set S is a set of mutually disjoint,142

possibly empty subsets of S whose union is S.143
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Definition 6 (disjoint symbolic decomposition). Let (Σ, Υ ) be a com-144

plemented type space. If S = {µ1, µ2, . . . , µm} ⊂ Υ , then the set D =145

{ν1, ν2, . . . , νn} ⊂ Υ is called a disjoint symbolic decomposition of S if146

1. 1 ≤ i ≤ n, 1 ≤ j ≤ m =⇒ (JνiK ⊂ JµjK) ∨
(
JνiK ⊂ JµjK

)
.147

2. {Jν1K, Jν2K, . . . JνnK} is a partition of S.148

We usually speak of a disjoint symbolic decomposition of Σ rather than of149

some subset S ⊂ Σ.150

Definition 7 (default decomposition, standard partition). Let (Σ, Υ ) be151

a complemented type space. Given distinct ν, µ, ν1, ν2, . . . , νn ∈ Υ , the default152

decomposition DD : 2Υ → 2Υ and the standard partition, SP : 2Υ → 22
Σ

, are153

defined as154

DD(ν, µ) =
{
ν ∩ µ, ν ∩ µ, ν ∩ µ , ν ∩ µ

}
⊂ Υ (1)

DD(ν1, ν2, . . . , νn) =
⋃

ν∈DD(ν2,...,νn)

DD(ν1, ν) ∪DD
(
ν1 , ν

)
⊂ Υ (2)

SP (ν1, ν2, . . . , νn) = {JνK|ν ∈ DD(ν1, ν2, . . . , νn)} ⊂ 2Σ (3)

The default decomposition (1) contains four distinct symbols. However, de-155

pending on the relation of the corresponding sets, JνK and JµK, the corresponding156

partition, SP , may contain ∅ or may contain less than four sets in some cases157

as some of the set intersections may fail to be unique; for example if JνK = JµK,158

JνK ⊂ JµK, orJνK ⊂ JµK .159

Definition 8 (complete, deterministic, σDFA, σCDFA). A σFA,160

A = (Σ, Υ,Q, q0, F, T ), is said to be161

1. complete, if the elements of ξA(q) cover Σ; i.e., ∀q ∈ Q,
⋃

ν∈ξA(q)

JνK = Σ.162

2. deterministic, σDFA, if the elements of ξA(q) are mutually disjoint; i.e., if163

∀q ∈ Q, ∀ν1, ν2 ∈ ξA(q), ν1 ̸= ν2 =⇒ Jν1 ∩ ν2K = ∅.164

We denote a complete, deterministic σFA as σCDFA.165

As examples, the σFA in Figure 1 (left) is nondeterministic if Jν2K∩ Jν3K ̸= ∅,166

it is deterministic if Jν2K and Jν2K are disjoint. It is complete if Jν1K = Σ and167

Jν2 ∪ ν3K = Σ, regardless of whether Jν2K and Jν3K are disjoint.168

Proposition 1 (sink state). Any σFA, A = (Σ,Υ,Q, q0, F, T ), deterministic169

or otherwise, can be made complete by adjoining to Q, one so-called sink state,170

⊥ , whose only transition is ⊥ Σ−→ ⊥ , and adjoining one transition to each171

state, q: q

⋂
ν∈ξA(q)

ν

−−−−−−→ ⊥ . More explicitly: A′ = (Σ,Υ,Q′, q0, F, T
′) is complete172

provided173

Q′ = Q ∪
{
⊥
}

T ′ = T ∪
{

q
νq−→ ⊥

∣∣∣ q ∈ Q
}

where νq =
⋂

ν∈ξA(q)

ν
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It is expedient notationally to omit the clutter of drawing the sink state and174

its incoming transitions. If we claim that the σFA in Figure 1 (left) is complete,175

then we assume the transitions leading to ⊥ are implicit.176

Definition 9 (sequence, Σ∗). If S is a set, then Sn (i.e., the Cartesian prod-177

uct of n copies of S) denotes the set of sequences of length n ∈ N. S0 denotes178

the set containing only the empty sequence; i.e., S0 = {()}.179

We often refer to Σ∗, which we define as Σ∗ =
∞⋃

n=0
Σn; i.e., Σ∗ is the set of180

all finite, possibly empty, sequences over Σ.181

Definition 10 (accepting, satisfiable, rejecting compu-182

tation). Let A = (Σ,Υ,Q, q0, F, T ) be a σFA. A sequence183  t1︷ ︸︸ ︷
(q0, ν1, q1),

t2︷ ︸︸ ︷
(q1, ν2, q2), . . . ,

tn︷ ︸︸ ︷
(qn−1, νn, qn)

 ∈ Tn is said to be a computa-184

tion on A. I.e., (t1, t2, . . . , tn) designates a connected sequence of transitions185

from q0 to qn—the origin of ti is the target of ti−1.186

The computation is called satisfiable if all its transitions are satisfiable, and187

is called unsatisfiable otherwise.188

The computation (satisfiable or otherwise) is called accepting if qn ∈ F , and189

rejecting if qn ̸∈ F .190

If a σFA is deterministic, then we may unambiguously designate a computa-191

tion by listing the transition labels, as the first transition always has source q0,192

and any state has at most one transition labeled by a particular symbol.193

Definition 11 (acceptance, language). Let A = (Σ, Υ,Q, q0, F, T ) be a194

σFA, and let s = (s1, s2, . . . , sn) ∈ Σ∗. Then A is said to ac-195

cept (or match, or recognize) s, if there exists an accepting computation196  t1︷ ︸︸ ︷
(q0, ν1, q1),

t2︷ ︸︸ ︷
(q1, ν2, q2), . . . ,

tn︷ ︸︸ ︷
(qn−1, νn, qn)

, for which si ∈ JνiK, (i = 1 . . . n).197

The set, L{A}, of all sequences accepted by A is called the language of A.198

Proposition 2 (determinization). Any σFA can be determinized.199

More explicitly, given a (perhaps non-deterministic) σFA,200

N = (Σ, Υ,Q, q0, F, T ), there exists a (deterministic) σDFA201

D = (Σ, Υ,Q′, q′0, F
′, T ′) for which L{N} = L{D}.202

Proof. Enumerate Q = {q0, q1, . . . qm}.203

Define the following sets of transitions, T0, T1, T2, . . . , Tm:204

Tk = {(qk, ν, p) | JνK ∈ SP (ξA(qi)), ∃(qk, µ, p) ∈ T, JνK ⊆ JµK}

T ′ =

m⋃
k=0

Tk
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Now let N ′ = (Σ,Υ,Q, q0, F, T
′), and let Σ′ =

⋂
q∈Q

ξN ′(q). Lo and behold,205

(Σ′, Q, q0, F, T
′) is a classical FA. Indeed for any two distinct transitions (p, ν, q1)206

and (p, µ, q2), sharing the same origin, then their labels, ν and µ, either designate207

the exact same type, JνK = JµK or disjoint types, JνK∩ JµK = ∅. Thus the FA can208

be determinized through classical techniques [16].209

Definition 12 (complement σDFA). Let A = (Σ, Υ,Q, q0, F, T ) be a210

σCDFA. Let A denote the complement σFA, A = (Σ,Υ,Q, q0, Q \ F, T ).211

Proposition 3. If A is a σCDFA, then212

1. A is complete and deterministic.213

2. L{A } = Σ∗ \ L{A}, which we denote L{A} .214

Proof. A is complete because it has the exact same transitions, T , as A. A is215

deterministic for the same reason. To show L{A } = L{A} , there are two cases:216

1. If A has no successful computations, then every unsuccessful computation217

of A ends in a state not in F , thus ends in a state in Q \F . I.e., if L{A} = ∅218

then L{A } = Σ∗.219

2. If t is a successful computation in A, then it ends in a state in q ∈ F , thus

does not end in a state in Q \ F ; hence t is not successful in A . Likewise
if t is an unsuccessful computation in A, then it ends in a state q ∈ Q \ F ;

hence t is successful in A . ⊓⊔

Definition 13 (right-automaton). Let A = (Σ, Υ,Q, q0, F, T ) be a σCDFA,220

and let q1 ∈ Q. Then we call
−→
A q1 = (Σ,Υ,Q, q1, F, T ) the right-automaton [3]221

of A at q1.222

Proposition 4. Let A = (Σ, Υ,Q, q0, F, T ) be a σCDFA. Let q0
ν−→ q1 ∈ T ,223

s1 ∈ JνK, and (s1, s2, . . . , sn) ∈ L{A}. Then (s2, . . . , sn) ∈ L{
−→
A q1}.224

Proof. Let (ν1, ν2, . . . , νn) be a successful computation accepting (s1, s2, . . . , sn).
I.e., s1 ∈ Jν1K, s1 ∈ Jν1K, . . . , sn ∈ JνnK. Thus (s2, . . . , sn) is accepted by the

computation (ν2, . . . , νn) on
−→
A q1 . ⊓⊔

2.1 Rational Type Expressions225

Definition 14 (rational type expression, RTE). Let (Σ, Υ ) be a comple-226

mented type space. A rational type expression (RTE) is any expression defined227

by Figure 2, representing (recognizing) a language on Σ.228

We use RTEs to recognize mixed-type sequences in a programming lan-229

guage. We associate the RTE, r, with a σCDFA A = (Σ,Υ,Q, q0, F, T ) so that230

L{A} = JrK. We take Υ to be an extension of the built-in type system of a host231
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RTE Language RTE Language RTE Language

∅ ∅ f · g JfK · JgK f∗ JfK∗

ε {()} f + g JfK ∪ JgK ⌊ν⌋ {(a) | a ∈ JνK}
Σ {(a) | a ∈ Σ} f & g JfK ∩ JgK !f Σ∗ \ JfK= JfK

Fig. 2: Semantics of Rational Type Expressions, assuming f and g are RTEs
recognizing languages JfK and JgK.

programming language. In [29] and [28], this is called a simple embedded type232

system (SETS)—a pun on the fact that we represent types as sets.233

In SETS, we take Σ as the set of all the objects representable as values in234

the programming language. We define Υ0 as the set of base type designators in235

the language, representing all the base types such as integers, strings, floats etc.236

This embedding implements a complemented type lattice.237

In addition to complement, intersection, and union types, we also include:238

1. Hosted types: Υ0 ⊆ Υ .239

2. Singleton types: ∀a ∈ Σ, {a} ∈ Υ , with J{a}K={a}.240

3. Predicates: for any decidable function f : Σ → {true, false}, implemented241

in the host language, Sat(f) ∈ Υ with JSat(f)K = {x ∈ Σ | f(x) = true}.242

An important characteristic/feature of the SETS embedding is that run-243

time membership query is always answerable, so we say that there is a Boolean244

membership predicate. However, the subtype question may sometimes be unan-245

swerable. This means the subtype predicate is a semi-Boolean predicate which246

is allowed to answer true, false, or dont-know. When such type designators are247

used as labels, indeterminate transitions may arise— the satisfiability of which248

we are unable to decide. This undecidability is the core source of the difficulty249

in deciding habitation of a σCDFA as is discussed in Section 3.250

As an example where the subtype predicate answers dont-know: let f and251

g be user-defined predicates, Sat(f) ⊂ Sat(g) returns dont-know. Other limita-252

tions [29] in the base language may also lead to dont-know.253

2.2 Brzozowski Derivative Construction of σCDFA254

In this section we present briefly the Brzozowski construction algorithm gener-255

alized for σCDFA using semi-Boolean predicates as labels. This construction is256

explained in more detail in [28]. While Brzozowski/Owens [4, 34] defined ∂a r,257

for the letter a ∈ Σ, we define ∂ν r for type designator ν ∈ Υ .258

Definition 15. Given a type designator ν ∈ Υ and an RTE r, a Brzozowski259

derivative, denoted ∂ν r is any RTE such that260

J∂ν rK = {s ∈ Σ∗|∃h ∈ JνK h :: s ∈ JrK} .

8



∂ν ∅ = ∂ν ε = ∅ (4)

∂ν (r
∗) = ∂ν r · r∗ (5)

∂ν (r + s) = ∂ν r + ∂ν s (6)

∂ν (r& s) = ∂ν r & ∂ν s (7)

∂ν!r = !∂ν r (8)

∂ν (r·s) =

{
(∂ν r) · s if () ̸∈JrK
(∂ν r) · s+ ∂ν s if ()∈JrK

(9)

∂ν ⌊µ⌋ = ε if JνK ⊆ JµK (10)

∂ν ⌊µ⌋ = ∅ if JνK ∩ JµK = ∅ (11)

∂ν ⌊µ⌋ otherwise, no rule defined (12)

Fig. 3: Brzozowski Derivative Rules. For Equation (8) see Section 2.5. Variables,
ν and µ represent type designators, JνK, JµK ⊆ Σ; while r and s represent RTEs.

2.3 Constructing States and Transitions261

Our construction algorithm entails assigning the given RTE, r, to an initial262

state, called q0, deriving a set of type designators {ν1, . . . , νn} using an algo-263

rithm called MDTD [23, 28]. MDTD produces a disjoint symbolic decomposition264

(Definition 6) but eliminates symbols which provably designate the empty type,265

thus sometimes contains several type symbols representing the empty type, but266

never containing two types representing the same inhabited type.267

Next, construct q1, . . . , qn and associate qi with ∂νi r, computed as in Sec-268

tion 2.4. Unify any states whose associated RTEs are decidable equivalent.269

It is guaranteed by construction of state qi that the RTE ∂νi
r is an RTE270

whose language is exactly as in Definition 15. Therefore, we construct the fol-271

lowing transitions, with common origin q0: (q0, ν1, q1), (q0, ν2, q2), . . . , (q0, νn, q3).272

Now repeat the process on newly discovered states and corresponding RTEs, un-273

til no new RTEs are discovered as a result of computing the derivative.274

2.4 Computing the Brzozowski Derivative275

Let r be an RTE and ν ∈ Υ be a type designator. The RTE, ∂ν r, is recur-276

sively computed as prescribed in Figure 3. In [28], we introduced subtype-based277

rules (10), (11) and (12) which generalize rules from Owens [34].278

In a σCDFA, if there is a transition p
ν−→ q , with L{A} = JrK, then279

L{
−→
A q} = J∂ν rK , (13)

as the definition of L{
−→
A q} and J∂ν rK turn out to be identical.280

Owens [34] and Keil [17] also give similar recursive rules for computing nulla-281

bility, detecting whether () ∈ JrK, as well as 1st(r) which is set of symbols which282

appear as first positions in a regular expression, i.e. the set of type designators283

to which (10) and (11) will be applied.284
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2.5 Derivative of Complement285

Equation (8), ∂ν!r = !∂ν r, is not immediately evident. Directly applying the286

definitions from above, we see that Equations (14) and (15) are not identical.287

J∂ν!rK = {s ∈ Σ∗ | ∃h ∈ JνK h ::s ∈ J!rK} By Def 15

=
{
s ∈ Σ∗

∣∣∣ ∃h ∈ JνK h ::s ∈ JrK
}

By Fig 2

= {s ∈ Σ∗ | ∃h ∈ JνK h ::s ̸∈ JrK} (14)

J!∂ν rK = J∂ν rK By Fig 2

= {s ∈ Σ∗ | ∃h ∈ JνK h ::s ∈ JrK} By Def 15

= {s ∈ Σ∗ | ∀h ∈ JνK h ::s ̸∈ JrK} De Morgan (15)

In [28], we sketched a proof of Equation (8) which we clarify here. The state-288

ment of the proposition critically depends on the claim that any σFA can be289

determinized (Proposition 2).290

Proposition 5. Given an RTE, r, over alphabet, Σ, whose symbols are291

µ1, µ2, . . . , µm and (ν1, ν2, . . . , νn) ∈ Υn designates a partition of Σ such that for292

each i, j, either νi ⊂ µj or νi ⊂ µj . And given a σCDFA, A = (Σ, Υ,Q, q0, F, T ),293

such that L{A} = JrK.294

Then ν ∈ {ν1, ν2, . . . , νm} =⇒ J∂ν!rK = J!∂ν rK.295

Overview of proof: As illustrated in Figure 4, from A, we construct296

σCDFAs, B, and C, such that B =
−→
A q1 , C = A . We derive D two different297

ways: D = B =
−→
C q1 , thus showing J∂ν!rK = J!∂ν rK.298

Proof. 1. Since A is deterministic, and q0 has outgoing transition q0
ν−→ q1 ,299

then from Equation (13), we know L{
−→
A q1} = J∂ν rK. We will follow how this300

transition is transformed in constructing B, C, and D.301

2. The right-automaton of A at q1: Let B =
−→
A q1 = (Σ, Υ,Q, q1, F, T ). B is302

complete (by Proposition 3). L{B} = L{
−→
A q1} = J∂ν rK.303

State q0 may be non-accessible in B, but we don’t care. State q0 is preserved304

so that A and B have the same states and transitions, differing only by the305

initial state: q1 vs q0, thus assuring Equation (16). See Figure 4 (upper-right).306

3. The complement automaton of A: Let C = A = (Σ,Υ,Q, q0, Q \ F, T ).307

Hence, L{C} = L{A } = L{A} = JrK = J!rK, (by Figure 2). A and C have308

the exact same states and transitions and differ only by the designation of309

final (accepting) states: Q \ F vs F . See Figure 4 (lower-left).310

4.
−→
A q1 vs

−→
A q1 : Finally, we remark that311

B = (Σ, Υ,Q, q1, Q \ F, T ) =
−→
C q1 . (16)

Thus B =
−→
C q1 . So let D = (Σ, Υ,Q, q1, Q \ F, T ) and ask what is L{D}.312

See Figure 4 (lower-right).313
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q0 q1

ν

A = (Σ,Υ,Q, q0, F , T )

L{A} = JrK

A:
q0 q1

ν

B = (Σ,Υ,Q, q1, F , T )

L{B} = L{
−→
A q1}

= J∂ν rK

B:

B =
−→
A q1

q0 q1

ν

C = (Σ,Υ,Q, q0, Q\F , T )

L{C} = L{A } = L{A}

= JrK = J!rK

C:

C = A

q0 q1

ν

D = (Σ, Υ,Q, q1, Q\F , T )

L{D} = L{B}= J∂ν rK=J!∂ν rK
L{D} = L{

−→
C q1} = J∂ν !rK

D:

D=
−→
C q1 =

−→
A q1

D= B =
−→
A q1

Fig. 4: Transformations of σCDFA: A is transformed to produce B and C. D is

constructed by transforming either B or C illustrating that
−→
A q1 =

−→
A q1 .

Since D is the right-automaton of C at q1, then L{D} = L{
−→
C q1} = J∂ν !rK.

However,D is simultaneously the complement of B, so L{D} = L{B} = J∂ν rK .
But by Figure 2, J∂ν rK = J!∂ν rK. Therefore, J∂ν !rK = J!∂ν rK. ⊓⊔

3 Vacuity Checks in a σCDFA314

In this section we introduce our procedure for determining habitation of a315

σCDFA. Habitation checks play an important role in verifying to σCDFAs ex-316

press the same language as will be see in Section 4. Under which conditions can317

we verify the habitation or vacuity of the language of a given σCDFA?318

There seems to be some surprise among certain experts at the use of the319

word habitation. At the risk of sounding redundant to other readers, a habitation320

check is an attempt to prove a set is inhabited (has a member, is not empty). A321

constructive habitation check is an attempt find an element. A vacuity check can322

sometimes be implemented as a habitation check with reversed parity of return323

value, and can sometimes be implemented as a proof that no member exists.324

Hopcroft [16] describes one classical approach to non-constructive habita-325

tion checks for a finite automaton, A. First, minimize the finite automaton,326

pruning non-accessible states, and non-co-accessible states (states, q, for which327

L{
−→
A q} = ∅). Thereafter, L{Amin} is empty if and only if there are no accepting328
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q0 q1 q4 6

q3

q2 q5

ν1/1

ν4/7

ν5/7

ν2/1

ν1/1

ν1/1

ν1/1

ν4/7

ν2/1

ν3/7

ν2/1
ν5/7

Fig. 5: σCDFA expressed as Dijstra-compatible, weighted graph. W = 1 for
satisfiable and W = 7 for indeterminate transitions.

states. Contrary to classical theory, a σCDFA based on a semi-Boolean subtype329

procedure cannot be dependably, completely minimized for several reasons. The330

most obvious reason is that we cannot even dependably determine whether a331

transition is satisfiable. Thus we cannot dependably identify unreachable states.332

Nevertheless, our minimize function often reduces the number of states, even if333

it fails to guarantee optimal minimization.334

Arguably the minimize function is misnamed. There is no good English word335

which means: make more minimal even if not completely minimal. The name336

reduce or optimize would be even more misleading.337

Consider the σCDFA in Figure 5. We omit the sink state (Definition 1) and338

its incoming transitions. We also denote known, satisfiable transitions with solid339

arrows, and indeterminate transitions with dashed arrows. In particular ν3, ν4340

and ν5 are assumed to be indeterminate.341

The two accepting states, q3 and q4, are reachable over various computa-342

tions. For example: a computation (ν1, ν5) reaches q4. However, since ν5 is inde-343

terminate, we do not know if an actual length-2 sequence, (s1, s2) ∈ Σ∗, exists344

for which s2 ∈ Jν5K. Likewise q3 is reachable with the computation (ν1, ν4),345

and since ν4 is indeterminate, we do not know whether such a sequence of ob-346

jects, (s1, s2) ∈ Σ∗ exists. Nevertheless, q3 is also reachable with a computation347

(ν1, ν2, ν1, ν2, ν2). Since the types, ν1 and ν2, are known to be inhabited, we know348

there exists at least one sequence in the language of this σCDFA.349

The general question is, given a σCDFA, is it inhabited? The answer may be350

yes, no, or dont-know.351

Clearly if there is no accepting state, then the language is vacuous. If there352

exists an accepting, satisfiable computation (Definition 10), then the language is353

inhabited. If there are accepting computations, yet every accepting computation354

is indeterminate, then we have failed to prove the language is vacuous and we355

have failed to prove it is inhabited. We say the habitation is indeterminate.356
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One naive way to make this decision is to use a two-pass approach. First,357

perform a graph search ignoring indeterminate transitions. If an accepting com-358

putation is discovered, then we have proven the language is inhabited. Other-359

wise, perform a second search considering all transitions. If this search discovers360

an accepting computation then the computation is necessarily indeterminate,361

and thus the habitation of the language is indeterminate. Assuming there are n362

states and m total transitions, such a search (ignoring the complexity of deciding363

habitation) has complexity O(m + n logn), which we have to perform twice in364

worst case. The complexity O(m+ n log n) is assuming we are using a Set data365

structure to avoid cycles. If the BFS uses a HashSet data structure instead, the366

complexity is lowered to O(m+ n).367

Another way to answer the habitation question is based on a shortest path368

graph search. We often want to know not only whether the language is inhabited,369

but also we wish to characterize a sequence in the language, i.e., a witness of370

habitation, and a witness as simple as possibly. If we view the σCDFA as a371

weighted, directed n-vertex graph with origin q0. The weight of an edge is 1 if372

the transition is satisfiable. Thus, if there is a non-looping, accepting, satisfiable373

computation, its weight necessarilyW < n, as a path of with n edges must repeat374

a vertex. Because the maximum accepting, satisfiable computation length is n−1,375

we assign a weight of n to edges corresponding to indeterminate transitions.376

With this weighting scheme, if the shortest weighted path search discovers a377

path with weight, W ≥ n, then the path is necessarily indeterminate.378

Such a computation may actually be unsatisfiable, but by definition, we are379

unable to judge. The Dijkstra [8] shortest path algorithm can be implemented380

with complexity O(n log n+m).381

In Figure 5, we assign weights of 1 to ν1 and ν2, and weights of 7 to ν3, ν4382

and ν5. With this weighting the shortest path from q0 to q3 is (ν1, ν2, ν1, ν2, ν2)383

and has weight 5, thus is satisfiable (because 5 < 7). However, the shortest path384

from q0 to q4 is (ν1, ν5) and has weight W = 8, thus is indeterminate. There are385

other paths from q0 to q4 such as (ν1, ν2, ν1, ν3) which has weight W = 10. It386

might very well be that the latter is satisfiable and the former is not. However,387

again we insist that we cannot distinguish between indeterminate-satisfiable and388

indeterminate-unsatisfiable.389

4 Library Testing390

In this section we describe how we use the development of the previous sections391

to design a test for a software library which manipulates σCDFA. The question392

“Can we determine the habitation of a σCDFA?” plays an important role in393

library testing, in particular in verifying the equivalence of two σCDFAs as in394

Proposition 6.395

Proposition 6. Two σCDFAs, A and B, express the same language if and only396

if the XOR (L{A} ⊕ L{B}) is empty.397
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Proof.

L{A} = L{B} ⇐⇒ (L{A} ⊂ L{B}) ∧ (L{B} ⊂ L{A})

⇐⇒
(
L{A} ∩ L{B} = ∅

)
∧
(
L{B} ∩ L{A} = ∅

)
⇐⇒

(
L{A} ∩ L{B}

)
∪
(
L{B} ∩ L{A}

)
= ∅

⇐⇒ L{A} ⊕ L{B} = ∅

⊓⊔

We concentrate on testing a particular σCDFA library clojure-rte [24]398

written in Clojure [14]. We use a property-based testing (PBT) [9, 5] approach399

to test some functions in our σCDFA library. Rather than checking hard-coded400

test cases, we instead describe invariant properties and then test those invariants401

on randomly generated input, starting with simple structures and advancing to402

more structurally complex input data.403

4.1 Testing Flow404

We wish to test the following flow based on random structure generation. The405

testing should (1) improve our confidence that these functions compute correct406

values, (2) exhibit that the code actually runs without encountering unexpected407

exceptions, which is important in dynamic languages with dynamic type systems,408

and (3) give us some intuition of the overall time-performance of the functions.409

1. Generate σCDFA, A, using gen-dfa and minimize, Figure 6 (Top).410

2. Extract its RTE, r, from A, using dfa-to-rte.411

3. Construct a σCDFA, B, from r, using rte-to-dfa, Figure 6 (Middle).412

4. Construct A⊕B automaton using synchronized-xor, Figure 6 (Bottom).413

5. Check the habitation of L{A}⊕L{B} = L{A⊕B} using dfa-inhabited?.414

If the library code is correct, the languages L{A} and L{B} should be iden-415

tical and consequently L{A}⊕L{B} should be empty (Proposition 6), otherwise416

we have evidence (and a witness) of a bug in one of the functions in our flow.417

There are several challenges to this testing approach. (1) The habitation of418

L{A} may not be known, which will lead to (2) the habitation of L{B} not being419

known. (3) Given two σCDFAs whose habitation is indeterminate, can we verify420

that their languages are identical? Additionally (4) given two σCDFAs whose421

habitation is known, can we verify the equality of their languages, particularly422

if A⊕B contains indeterminate transitions?423

The high-level functions of interest are.424

– gen-dfa : Generate a σCDFA with a target number of states and transitions.425

This generation serves to feed the property-based tester, Section 4.2.426

– minimize : Simplify a σCDFA using the DFA Simplification algorithm427

presented in [31]— a generalize Hopcroft [16] minimization.428
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q4
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t1,t2
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t4

q0
t8
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Fig. 6: (Top) σCDFA generated by gen-dfa, (Middle) generated from the ex-
tracted RTE, (Bottom) difference XOR Top and Middle. Labels t1, t2, . . . among
different σCDFAs are unrelated.

– dfa-to-rte : Extract RTE from σCDFA using an unoptimized BMC state429

elimination method. [36, Sec 2.4.2] Developing a smarter extraction proce-430

dure for σCDFA is a matter for future research.431

– rte-to-dfa : Construct a σCDFA from a given RTE using the Brzozowski432

derivative summarized in Section 2.2.433

– synchronized-xor : Given two σCDFAs, A and B, generate a σCDFA hav-434

ing language L{A}⊕L{B}, which is empty if L{A} = L{B} (Proposition 6).435

Uses an XOR algorithm called Synchronized Cross-Product [31].436

– dfa-inhabited? : Habitation check by Dijkstra search. Searches computa-437

tions spanning σCDFA (Section 3). Returns true, if a successful accepting438

computation is found; false, if no successful computation is found; other-439

wise :dont-know, if every accepting computation is indeterminate.440

4.2 Randomized σCDFA Construction441

There are many possible approaches to generating a random σCDFA. The first442

approach we tried and have temporarily abandoned (pending future investiga-443

tion), was to randomly generate an RTE and thereafter generate the σCDFA444
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Input: n: number of states
Input: m: number of transitions
Input: gentype: function to generate a type designator enforcing type-size

and probability-indeterminate.
4.1.1 begin
4.1.2 T ← [] ;

// Create states, and simply connected transitions

4.1.3 for i← 1 . . . n do
4.1.4 ν ← gentype() ;
4.1.5 T ← (qi−1, ν, qi) :: T

4.1.6 for i← 1 . . .m− n do
// forward, backward, or self-loop transition

4.1.7 (p, q)← (rand(n), rand(n)) ;
// compute ν disjoint with other types having origin q

4.1.8 ν ← gentype() \
⋃

µ∈ξA(q)

µ ;

4.1.9 T ← (q, ν, p) :: T

Algorithm 4.1: Compute States and Transitions of Random σCDFA

therefrom. We built the corresponding AST (abstract syntax tree), each internal445

node selecting randomly among the RTE operations of concatenation, intersec-446

tion, union, and Kleene-star. What we found, anecdotally, was that the approach447

generates ASTs, uniform in the syntax space (uniform distribution of RTE op-448

erators), but the language thereof was most often either empty or trivial. After449

applying the minimization function, the σCDFA most often had 1 or 2 states.450

Koechlin and Rotondo [19] discuss a reason for this; see Section 5.451

We now explain the engineering approach for generating random σCDFAs452

which we settled upon. The gen-dfa function takes four parameters which are453

related to the randomization process. The states and transitions of the σCDFA454

are constructed as summarized in Algorithm 4.1.455

– num-states — requested number of states (pre-minimized) in the σCDFA.456

– num-transitions — requested number of transitions to attempt to create.457

In some cases a transition may be eliminated for being unsatisfiable .458

– type-size — each transitions is labeled with a randomly selected type des-459

ignator whose maximum AST depth is limited to this parameter value.460

– probability-indeterminate — When a type designator is chosen, this is461

the probability of the type’s habitation being indeterminate.462

We performed two suites of simulations and we report here some of our463

randomization results. We generated 4909 σCDFAs ranging from minimum size464

of 2 states to maximum size of 49 states, with mean size, µ=23.55 and standard465

deviation, σ=14.33. The number of transitions for these σCDFAs ranged from466

2 to 140, with µ=46.22 and σ=30.70. The number of indeterminate transitions467

ranged from 0 to 78, with µ=14.21 and σ=12.25.468
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4.3 Results469

Figure 6 (Top) shows a σCDFA created by gen-dfa containing 6 non-sink states470

and 10 unique labels. The type designator values of the labels are not shown in471

the figure as they are machine generated, and not very insightful to the human.472

The testing flow generates an RTE (much too large to print on this page), and473

regenerates a σDFA from that RTE; the σCDFA is shown in Figure 6 (Middle).474

Finally, the difference σCDFA is generated as shown in Figure 6 (Bottom).475

We see from Figure 6 (Bottom) that even though the two other σCDFAs con-476

tain indeterminate transitions, we can verify language equivalence, because the477

difference language is empty—Figure 6 (Bottom) contains no accepting states.478

We were able to verify that our testing flow works, and were unable to find479

bugs in our RTE and σCDFA functions. As an anecdote, we did find a bug in our480

random σCDFA generator, gen-dfa, which was sometimes labeling transitions481

in a way which violated determinism.482

The reader might question how good our σCDFA generator is. How uniform483

is the selection of language? It is unclear what the best way is to measure this484

uniformity. Nevertheless, we provide some basic statistics.485

First, we asked whether the language of a generated σCDFA was inhab-486

ited. The gen-dfa function generated 1144 σCDFAs (23.19%) with inhabited487

languages and 3767 (76.35%) indeterminate.488

In the second set of simulations we generated pairs (A,B) of σCDFAs489

to measure the likelihood of languages being subsets or disjoint. We490

found P [L{A}⊂L{B}] = 14.18%, P [L{A} ̸⊂L{B}] = 23.87%, and491

P [dont-know] = 61.95%. Additionally, we found P [L{A} ∩ L{B} = ∅] =492

50.99%, P [L{A} ∩ L{B} ̸= ∅] = 5.81%, and P [dont-know] = 43.21%.493

Figure 7 shows various measurements as a function of the number of states494

in the σCDFA. A few takeaways are that (1) roughly 15 to 20% of the σCDFAs495

generated are provably inhabited, (2) with roughly for 80% the habitation is496

indeterminate. (3) Between 40 and 50% of the time it cannot be determined497

whether the languages of two σCDFAs intersect. (4) Roughly 15 to 25% of the498

time it can be proven that one language is a subset of another, and (5) 0 to 5%499

of the time that two languages have an inhabited intersection.500

It may seem counter-intuitive that the curve labeled overlap=true should lie501

below subset=true. But recall A ⊂ B ≠⇒ (A ∩B ̸= ∅). In particular, A ⊂ B,502

whenever A = ∅. Figure 8 shows another enlightening example. In the figure we503

see σCDFAs A and B. To compute whether A and B overlap, we compute their504

intersection, A ∩ B. L{A ∩ B} has indeterminate habitation, because the only505

path from q0×0 to an accepting state q2×2 has a transition labeled t3 which is506

indeterminate. However, we know that L{A} ⊂ L{B}, because the automaton507

A ∩ B has no final state; thus L{A ∩ B } = ∅.508

The raw data and code for generation/analysis are publicly avaialble here:509

github.com/jimka2001/clojure-rte/tree/master/resources/statistics510

github.com/jimka2001/clojure-rte/tree/master/src/statistics.clj511
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Fig. 7: Generation summary of 4909 σCDFAs: probabilities of habitation, over-
lap, and subsetness as a function of state count. The purple, mostly flat curve
(State–count-histogram), running between 0 and 3% shows a histogram, indi-
cating the percentage of total samples (y-axis) for a given (x-axis) state count.
That the curve is relatively flat shows a relatively evenly distributed sampling
of σCDFAs as measured by state count.

18



A q1 q2t1q0 t0

B q1 q2t2q0 t0

A ∩B q2x2q1x1 t3q0x0 t0

A ∩ B q2x2q1x1 t3q2x2 t0

t0 = :sigma

t1 = (or (and (not (member 1 2 3)) Long) Byte Short)

t2 = (satisfies positive?)

t3 = (or (and (not (member 1 2 3)) (satisfies positive?) Long)

(and (satisfies positive?) Byte)

(and (satisfies positive?) Short))

Fig. 8: σCDFAs A and B, together with A∩B and A∩ B . We see the habitation
of L{A∩B} is indeterminate (the only successful computation contains t3 which

is indeterminate), while the L{A ∩ B } is empty (there are no final/accepting
states). Values of t0 . . . t3 are displayed in Clojure s-expression [6] syntax.

5 Conclusion and Perspectives512

In this paper, we have examined how classical finite automata theory can be gen-513

eralized to symbolic automata over infinite alphabets, particularly when semi-514

Boolean subtype predicates are introduced. While many familiar constructions515

still apply, key divergences emerge—most notably in the determinism and de-516

cidability of habitation checks.517

Our contributions include a new automata-based proof of the Brzozowski518

derivative of the complement of a regular tree expression, an algorithm for verify-519

ing habitation in a subclass of symbolic automata, an engineering-based method520

for generating randomized symbolic automata, and a property-based testing flow521

tailored to this symbolic setting. These tools not only help validate theoretical522

properties but also support the development of practical software libraries for523

symbolic automata.524

Despite our advances, challenges remain. Habitation remains undecidable525

in general, and the reliability of our testing approach depends on heuristics and526
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biases that may not catch all errors. Nevertheless, the techniques introduced here527

provide a foundation for further research—both in exploring the boundaries of528

symbolic automata and in refining related testing methodologies.529

Future work will include expanding our testing framework to be more theo-530

retically sound, and contrasting with the current engineering approach.531

Constructing a tree structure randomly (as in Section 4.2) is equivalent to532

randomly selecting such a structure from the set of all possible structures. We533

wish this selection to be uniform in some sense, but deciding what exactly that534

means is difficult. Naively, one might like to make a selection under a constraint535

such as maximum-depth, such that any tree of depth limited by that maximum536

is equally likely. As Koechlin and Rotondo [19] explain, when there are semantics537

associated to structure, we find that uniformity does not equate to uniformity538

in semantics. In our case, uniform selection of RTE AST does not correspond539

to uniform selection of language of the associated automaton. Koechlin and540

Rotondo suggest a biased structure selection, called BST-like, which avoids the541

problem caused by the annihilators (A ∩ ∅ = ∅ and A ∪ Σ = Σ). As part of542

expanding our testing framework, we plan to adapt the BST-like construction543

to our RTE generation to determine whether the method improves our failed544

approach. Preliminary results seem promising, but are not yet ready to publish.545

The engineering approach we are currently using is based on parameterizing546

values which makes the approach all but impossible to analyze theoretically. We547

cannot know how uniform our σCDFA selection is nor whether the selection548

is surjective. Adapting the Koechlin approach promises to make this analysis549

tractable. Additionally, the Koechlin approach is likely to have applications in550

property based testing far beyond the mere generation of σCDFA.551
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