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MTBDDs Against the Alphabet-Explosion Problem

A Semi-Symbolic Encoding

Array of roots,

} indexed by

state numbers

y Mona to implement:

Originally used b
» DFAs over propositional alphabets,

» Boolean operations over DFAs,
» Minimization of DFAs.

Successfully used by
several LTL; synthesis tools.

MTBDDs
representing
outgoing edges

false BDD node
as rejecting sink

[4 Henriksen et al. Mona: Monadic second-order logic in practice. TACAS’95. €XED y o7
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Previous Work: Spot’s 1t1fsynt Tool

» On-the-fly translation of LTL; to MTBDD-based DFA,
> Interpretation of the MTBDD-based DFA directly as a reachability game,
» Game solved on-the-fly during its construction.

(TheDFA [ The Game Interpretation
@ © @
inputs
m Q 0

, above
outputs
for Mealy
r semantics

®®hH 0o

Duret-Lutz et al. Engineering an LTLf synthesis tool. CIAA’25. GEED -
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Going Back to LTL and w-Automata
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Manna and Pnueli. A hierarchy of temporal properties. PODC’90. €D -


http://dx.doi.org/10.1145/93385.93442

Going Back to LTL and w-Automata

Reactivity
A\ GFp; v FGg;

Representable
by a DBA

=

Recurrence
GFp

Persistence
FGp

Obligation
AGp; V Fq;

Safety Guarantee
Gp Fp
Bottom

[4 Manna and Pnueli. A hierarchy of temporal properties. PODC’90. €EED -


http://dx.doi.org/10.1145/93385.93442

Going Back to LTL and w-Automata

Representable
by a DBA
.

Recurrence
GFp

Safety
Gp

Reactivity
A\ GFp; v FGg;

FGp

Obligation
A\ Gpi v Fq;

Guarantee
Fp
Bottom

Persistence

Representable
by a weak NBA

[ Manna and Pnueli. A hierarchy of temporal properties. PODC’90. €%


http://dx.doi.org/10.1145/93385.93442

Going Back to LTL and w-Automata

Reactivity
Representable Representable
by a DBA AGFpi v FGq; by a weak NBA
—_— _—
Recurrence Persistence

GFp FGp
Representable

by a weak DBA

Obligation
A\ Gpi v Fq;

Safety Guarantee
Gp Fp
Bottom

[4 Manna and Pnueli. A hierarchy of temporal properties. PODC’90. €EED -


http://dx.doi.org/10.1145/93385.93442

Going Back to LTL and w-Automata

Reactivity
A\ GFp; v FGg;

Persistence
FGp

Recurrence
GFp

Representable
by a weak DBA

Obligation
AGpi Vv Fqi

weak DBAs behave like DFAs!
Safety Guararl » same Boolean operations,

Gp Fp ame BoIEeT
Bottom >‘ similar minimization.




Going Back to LTL and w-Automata

Boolean
combinations
of Safety and
Guarantee

Recurrence
GFp

Reactivity
A\ GFp; v FGg;

FGp

Obligation
AGpi Vv Fqi

Persistence

Representable
by a weak DBA

weak DBAs behave like DFAs!
Safety Guararl » same Boolean operations,
Gp Fp L o
Bottom >‘ similar minimization.




Going Back to LTL and w-Automata

Boolean
combinations
of Safety and
Guarantee

Recurrence

Reactivity

A\ GFp; v FGg;

GFp

A syntactic fragment of LTL.
» 11% of SyntComp
> 45% of model-checking

Persistence

FGp

Representable
by a weak DBA

Obligation
AGpiVFEqg
weak DBAs behave like DFAs!
‘ Guararl » same Boolean operations,
Fp I C
Bottom >‘ similar minimization.

specs ['




Contributions

A new translation from syntactic obligations to weak DBA
» Produces an MTBDD-encoded weak DBA directly

» States are labeled by obligation formulas

» Acceptance of a state is decided by looking at the Boolean combination of
safety and guarantee properties its formula represents.

» Minimization is cheap in practice.

Faster reactive synthesis for syntactic obligations
» Translate the specification to MTBDD on-the-fly...
» ... while solving a weak game (linear)

All of this is implemented in Spot 2.15 @


https://spot.lre.epita.fr/

Improving 1t1synt on Obligations

The SyntComp repository contains 108 obligations.

40s SemML
20s
122 Strix
[tlsynt
old trans.
AG§, 151 ( )
5 SSyft
S 200ms - ltisynt
(new trans.)
50ms 1 [tlsynt
~__/(newsynt.)
10ms
1 10 20 30 40 50 60 70 80 90 100 108

realizability tasks ranked by cputime independently for each tool



Conclusion

» “Obligation” as an interesting fragment of LTL:
» Translation from obligations to WDBA is easy.

» WDBA can be minimized in polynomial time. one optimization in paper

» Weak games can be solved in linear time.

» MTBDD to represent deterministic automata:
» A compact way to cope with propositional alphabets.

» With the right order, can be interpreted as a game directly.
» Implemented in Spot 2.15 @

» Translation from obligations to MTBDD-based WDBA.

» Minimization of WDBA using MTBDDs.

» On-the-fly synthesis (not just realizability) using MTBDDs.


https://spot.lre.epita.fr/

Warp Zone

Fast Obligation Synthesis

Extra Slides
WDBA 20. On-the-fly




Reactive Synthesis in a Nutshell

A reactive controller produces output as a reaction to its input

input signals { Iolio iolio...— > 000000 0p... } output signals

O={0o,01,...}

AT —> 040401 01...

LTL reactive synthesis problems

Given an LTL specification relating input signals and output signals over time:
Realizability: decide if a controller exists;

Synthesis: construct it (e.g., as an And-Inverter Graph).

T={io, iy, ...}
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Textbook Reactive Synthesis

m 2 DPA (max odd) 3 Parlty Game (max odd)
I < F(o) Fin(®) V Inf(@) _Fin(®) v Inf(©)
0@ (@7

Skl B0

5. Slmpllfled Strategy 16. Output AIG

4. Winning Strategy

Renkin et al. Effective reductions of Mealy machines. FORTE 22. €XZD Vo
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Reactive Realizability
m 2 DPA (max odd) 3 Parlty Game (max odd)
i < F(0) Fm(@) V Inf(@) _Fin(®) Vv Inf(D) REALIZABLE

by

2EXP Linear QuaS| Polynomlal

Contribution: faster pipeline for the “syntactic obligation” fragment of LTL.

[ MTBDD-based repr. of Weak DBA, |
2EXP | usable directly as a game | Linear

(but simpler, faster) (weak game soIvingm




MTBDD-based Representation of a DBA

An “explicit” DBA A “semi-symbolic” DBA
i1O i_1i20 fo)

alphabet explosion problem:
Yy = 21U(9
&



MTBDD-based Representation of a DBA

An “explicit” DBA A “semi-symbolic” DBA
0

o)




MTBDD-based Representation of a DBA
A *semi-symbolic’ DBA

o) i_1i20




MTBDD-based Representation of an LTL-labeled DBA
A *semi-symbolic’ DBA

i10 i_1i20

o1 = G(ih vV X2) <> Go 3 = (2 AN G(ir V Xi)) ps = ~Go
2 = (Ig VAN G(I1 V Xlg)) + Go P4 = ﬂG(I‘1 V XIQ)



From LTL to MTBDD

aub
l This is a deterministic representation
/@ of the next normal form (XNF):
v aUb=bVv(arX(aUb))
*l/ ﬁ \\

N
aup [ [o]



From LTL to MTBDD

This is a deterministic representation
of the next normal form (XNF):

aUb=bVv(anX(aUb))
Fa=av XFa




From LTL to MTBDD

-
>y




From LTL to MTBDD

(aUb)AFa)

aub|

Classical BDD apply procedure, but
combine terminals with “A”.

(Leaves @ and can help shortcut
the recursion.)



From LTL to MTBDD

(aUb)AFa)

aub|

We are just missing a way to decide
which states are accepting.

This is where the restriction to
obligations matters.



Obligations = Weak Deterministic Buchi Automata

Bottom (Safety N Guarantee)

ppu=Tf|tt|p|~ws|vsAps| sV es
| Xes
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- C%C% until @ or ()
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Obligations = Weak Deterministic Buchi Automata

Bottom (Safety N Guarantee)
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_> A e Nl @ or ®
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Obligations = Weak Deterministic Buchi Automata

Bottom (Safety N Guarantee)
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_> C%C% until @ or ()
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G<Ps vs R s
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Obligations = Weak Deterministic Buchi Automata

Bottom (Safety N Guarantee)

ppu=H|[tt|p|—ws|wsAws|psVes

| Xgg
C?—'.? DBA is a DAG,

- C%C% until @ or ®

Guarantee

v =vB| e Npa|veV va
Xpa | Fog | pa U pe
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s | Ges | vsR s

—0O—-0—
&4& ol states but @
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Obligations = Weak Deterministic Buchi Automata
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= Weak Deterministic Buchi Automata

Obligations

Bottom (Safety N Guarantee)

ppu=H|[tt|p|—ws|wsAws|psVes

| Xes
DBA is a DAG,

- C%gz.? until @) or @

Guarantee

G : —SOB|SOG/\SOG|SOG\/90G|_‘SOS
Foc| veU g

all states but (i)

®=
O/ CK@):) are rejectlng

80811=805|<Ps/\<f78|908\/908|_'906
s | Ges | vsR s

O—
gQ/;gS@? ety

Obligation

wo == va | vs | 7o | porpo | voVeo
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= Weak Deterministic Buchi Automata

Obligations

Bottom (Safety N Guarantee)

ppu=H|[tt|p|—ws|wsAws|psVes

| Xes
DBA is a DAG,

- ngz.? until @) or @

Guarantee

90633:SOB|SOG/\SOG|SOGV90G|_‘SOS
é| Fee|veUypg

— all states but (@

O—, .9
ﬁo/;ég@)? are rejectlng

80811=805|<Ps/\<f78|908\/908|_'906
s | Ges | vsR s

O—
gQ/;gS@? ety

Obligation

o = SOG | ws | 7o | porpo | poVeo

@= each SCC
contains only

acceptin
O‘/—'O—'@)Q rejectlng S%ates

—
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= Weak Deterministic Buchi Automata

Obligations
Bottom (Safety N Guarantee)

VB : —ff|tt|p|_‘90B|SOB/\SOB|‘PB\/‘PB

P

DBA is a DAG,
until (&) or @

Guarantee

G : —SOB|SOG/\90G|SOGVSOG|_‘SOS
| Xog | Fog | pcU @

CQ*Q_’CK all states but (@
cg)—'O/ Do are rejectlng

@S:::@B|SOS/\‘PS|SOS\/SOS|_‘SDG
s | Ges | s R s

— all states but (i)

gg?_gg;z are acceptlng

Obligation

o =g | ps | ﬂwo | <po/\s00 | poVeo

soo|soo e | o R (PhSSCC
o _eac
contains only

acceptin
Q‘/—'O—'@)Q rejectlng S%ates

Chang, Manna, and Pnueli. Characterization of temporal property classes. ICALP’92. @D g7}
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Deciding acceptance of an obligation-labeled state

A(ff) = L ANGa)=T AFa) = L
A(tt) = T MaRB) =T MaUB) =L

Aa) ==Aa)  MaAB)=Ma)AAMB)  AMaVF)=Aa)VAB)
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Deciding acceptance of an obligation-labeled state

A(ff) = L AGa) =T A(Fa) = L
At) =T MaRB) =T AMaUB) =L
A(p) = *

A Xa) = =

Aa) ==Aa)  MaAp)=Ma)AAMA)  AMaVF)=Aa) VAB)

will ignore any “«”
Example:
A =\N( b ANG(i1VXb)) < Go)=T
(902) ((\3_/ (1 2)) \T,_,)
* T
follows from the above rules

~-
T



MTBDD-based Representation of an LTL-labeled DBA

1 =G(iy VXip) < Go w3 = (e AN G(iy V Xi2)) s = ~Go

P2 = (12 VAN G(I1 V XIQ)) + Go P4 = —|G(i1 V Xlg) &
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Game Interpretation Is Straightforward
A “semI-symbolic” WDBA Weak Game Interpretation

e s
inputs
above '
Vel outputs SANL
(0} for Mealy s
semantics A

Weak games can be solved in linear time by enumerating SCCs bottom-up.
The whole translation+game solving is implemented on-the-fly. &
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Propositional Equivalence

— (Ga) W (Gb) (GbV (GaA ((Ga) W (Gb))) |

e e
/ ‘/
e

(GbV (Gaa((Ga)W (Gb)))| (GbV (GaA (GbV (Gan ((Ga)W (Gb))))| -




Propositional Equivalence

— (Ga) W (Gb) (GbV (GaA ((Ga) W (Gb))) |

e e
/ ‘/
e

(GbV (Gaa((Ga)W (Gb)))| (GbV (Gaa (GbV (Gan ((Ga)W (Gb)))))| -

ps V (P2 A P1) Ps V (P2 A (P V (P2 A 1))



Propositional Equivalence
— (Ga) W (Gb) (GbV (GaA ((Ga) W (Gb))) |

Can be checked
using BDDs.




Propositional Equivalence

— (Ga) W (Gb) (GbV (GaA ((Ga) W (Gb))) |

Propositional equivalence
is needed for termination.
It also helps reducing
the automaton.

Gbv (Gan ((Ga)W (Gb)))




Obligations Frequency

property classes syntactic classes
source set size O O\S\G S\B G\B B O O\S\G S\B G\B B
SyntComp 959 >262 >172 >73 >7 >7 110 59 48 1 2
Dwyer et al. 55 40 2 37 1 25 13 11 1
Somenzi&Bloem 27 16 2 6 6 2 13 4 4 5
Etessami&Holzmann 12 5 4 1 5 5
BEEM 20 10 1 6 1 2 7 2 4 1
Liberouter 55 30 27 1 2 26 1 23 2

[§ Jacobs et al. The reactive synthesis competition (SYNTCOMP): 2018-2021. arXiV, 2022. €ED

[4 Dwyer, Avrunin, and Corbett. Property specification patterns for finite-state verification. FMSP’98.
a

ﬁ Somenzi and Bloem. Efficient Blichi automata for LTL formulae. CAV’00. €D

[{ Etessami and Holzmann. Optimizing Biichi automata. Concur’00. €D

@ Pelanek. BEEM: benchmarks for explicit model checkers. Spin’07. €&

[3 Holetek et al. Verification results in Liberouter project. Technical Report 03, CESNET, 2004 Vo7


http://dx.doi.org/10.48550/ARXIV.2206.00251
http://dx.doi.org/10.1145/298595.298598
http://dx.doi.org/10.1007/10722167_21
http://dx.doi.org/10.1007/3-540-44618-4_13
http://dx.doi.org/10.1007/978-3-540-73370-6_17

MTBDD translation is straightforward

tr(ff) = tr(Xe) =(a
tr(tt) =
tr(p) = Q forpeZUO tr(—a) = —tr(a)
@ LTL operator MTBDD operator

tr(a ® B) = tr(a) ©tr(B) forany ® € {A,V, =, <>, @}
tr(a U B) = tr(8) V (tr(a) A [a U B) tr(Fa) = tr(a) v
tr(a R 8) = tr(8) A (tr(a) v [a R ) tr(Ga) = tr(a) A

Acceptance of a state labeled by « is \(«).
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The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.
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Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.

back prop.




Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.
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Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.
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Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.

no undetermined state
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Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.

game is won
by input player



Solving Weak Games Bottom-Up

The input player wants the play to get stuck in a rejecting SCC.
The output player wants the play to get stuck in an accepting SCC.

n an on-the-fly approach,
constructing this SCC
is not necessary
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