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Abstract

We generalize Antimirov’s notion of linear form of a regular expression, to
the Semi-Extended Regular Expressions typically used in the Property Spec-
ification Language or SystemVerilog Assertions. Doing so requires extending
the construction to handle more operators, and dealing with expressions over
alphabets ¥ = 247 of valuations of atomic propositions. Using linear forms
to construct automata labeled by Boolean expressions suggests heuristics
that we evaluate. Finally, we study a variant of this translation to automata
with accepting transitions: this construction is more natural and provides
smaller automata.
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1. Introduction

In this paper we discuss and compare techniques for translating (ex-
tended) regular expressions over alphabets ¥ = 247 where letters describe
valuations of a set of atomic propositions AP. Such alphabets are typically
used in formal methods such as model checking [3], runtime verification 4]
or synthesis [I7]. In our case, we are interested in supporting the regular
expression operators of the PSL and SVA standards.

Property Specification Language (PSL) [16] and SystemVerilog Assertions
(SVA) [1] are two industrial formal verification languages used in the field of
hardware design and verification. These two languages include features for
describing linear-time temporal properties or reasoning with clocks, but we
restrict ourselves to the (semi-extended) regular expression properties. Both
offer a nearly identical set of operators, albeit with different syntaxes.



The PSL expression “btn : ((red[=2] && opn[->]) || rst[->])”, for
instance, matches any sequence that starts with the btn signal on, and in
which either the red signal is on exactly twice in the interval it takes for the
signal opn to turn on, or in which the rst signal turns on. In SVA this expres-
sion becomes “btn ##0 ((red[=2] intersect opn[->1]) or rst[->1])".

Other logics such as Linear Dynamic Logic (LDL) [19] or Propositional
Dynamic Logic (PDL) [18] also use regular expressions over atomic proposi-
tions, so our work applies to them too. Unlike SVA or PSL, however, these
logics are usually defined only with classical regular operators plus a ©? op-
erator that is absent from PSL and SVA, and that we do not consider.

This paper is an extension of our CIAA’24 publication [24]. This version
includes proofs for all theorems, details our determinization algorithm, pro-
vides additional discussions about the experiments (redone with some fixes),
and in particular, it sheds some light on the interactions between the different
simplifications and the translation algorithms proposed.

2. Definitions

In the entire paper, we assume an alphabet ¥ = 247 where letters describe
valuations of a set of atomic propositions AP. For instance, if AP = {a, b}
then we denote the valuations as ¥ = {ab, ab, ab, ab}. We use X* to denote the
set of finite sequences of valuations. For a sequence o € ¥*, we denote |o] its
length, and we write o(7) for the letter at position i € {0,1,...,|0|—1} in 0.
Using “;” as concatenation operator, we write 0 = ¢(0);0(1);...;0(|o| —1).
Finally, for two integers 4, j such that 0 < ¢ < j < |o|, we write 0% the
(possibly empty if i = j) subsequence o(i);0(i +1);...;0(j —1). For
convenience, we write o instead of o*1°l and o7 instead of ¢%.

Definition 1 (Boolean expression). Any Boolean expression b is built using
the following grammar, where a € AP can be any atomic proposition.

bu=L|Tlal(bVb)|(BAb)|—b

For convenience, we omit unnecessary parentheses, and use operators — and
& as syntactic sugar with their obvious definitions.

Boolean expression are interpreted over a valuation v € X in the obvious
way. We write v |= b when the valuation v satisfies b, and b =V when two
Boolean expressions b and V' are satisfied by the same valuations!l]

!Testing b = V' is straightforward if b and b’ are represented with BDDs [8].



We use B = {L, T} to denote the set of Boolean values, and B(AP) to
denote the set of Boolean expressions over AP.

Definition 2 (SERE). A Semi-Extended Regular Expression (SERE) r is
built using the following grammar:

ra=ble|(r;r)|(r:r)|r|(rVvr)|(rAr)]|fm(r)

The symbol “c” is called the empty word. Operators “V” (choice), “”
(concatenation) and “*” (Kleene star) are traditional reqular operators. SERE
extends those with “A” (intersection) “” (fusion), and “fm” (SVA’s first-
match). In practice, we omit parentheses when they are not necessary.

The set of all SERFEs is written SERE.

SERFEs are interpreted over a finite sequence o € ¥* of valuations defined
inductively as follows:

okb iff |ol=1A0(0)Fb
ockEe iff Jo|=0
ol (i) iff 30,07 EriAd Er
clE(riim) iff Fi>0,0" Eri At Er
ol=r* iff either|lo|=00r3i >0 0" ErAc =1
olE(riVr) iff oEMVolEmr
ol (riAr) iff oETIACET
o=fm(r) iff (olEr)AVi<lol, o )
The language of a SERE r is the set £ (r) = {oc € ¥* | 0 = r} of all

sequences satisfying r (or “matched” by r).

In the above definition, regular expressions have been extended with three
operators: the conjunction “A” has obvious meaning, the fusion operator “:”
ensures that the last letter matching the left operand is also the first letter
matching the right operand (this implies that a fusion can never match the
empty word), and finally fm, the first-match operator of SVA, retains only
the shortest possible match for a SERE 7.

The PSL and SVA specifications define other SERE operators (such as
[=n] or [->n]) that can be seen as syntactic sugar on the above. In our

syntax, the expression from the introduction becomes

© = bin: ((((—'Ted)*; red;(—red)* red;(—red)*) A((mopn)*opn)) V ((—=rst)*; rst))
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Definition 3 (Syntactic equivalence). Given two SEREs r1 and o, we say
that they are syntactically equivalent, denoted r1 = rs, if one can be rewritten
into the other using the following so called ACI-rules (associativity, commu-
tativity, and idempotence) and a few others:

(r1Or)Ors=ro(raory) =rorory foroec{;;,V,A} (A)
T OTe =Ty O] for ® € {V,A} (C)

O =1 for ® € {V,A} (I1)

Pt = fm(fm(r)) = fm(r) (12)

rv.,l=r rAT =r rie=geg;r=r (Z)
rALl =1 ryl=1;r=_1 (U1)

rvT=T rel=1:r=_1 (U2)
rie=ce:r=_1 (U3)

fm(r) =c ifef=r (F)

Proposition 1. Two syntactically equivalent SEREs have the same language.

Le., (1 =ry) = (ZL(r) = ZL(r2)).

Proof. The proof follows from the fact that rewritings f are language-
preserving. As most of these rules are either well known or obvious, we only
prove those involving fm. For [[2[ we have:

o = fm(fm(r)) < (0 = fm(r)) A (Vi < |o|, o' & fm(r))
— (cEr)ANi<|o|, o FEr)A(Vi<]|o|, o fm(r))
— (cE=r)AMi<|o|, ~(c" ErVvoe'Efm(r)
impliemmtion
— (cEr)ANM<|o,0c"fr) <<= oFfm(r)
Therefore, Z(fm(fm(r))) = Z(fm(r)). Similarly, for rule (F]), we have

(c Efm(r)A(efEr) < (o Izr)/\\(Vi <lo|, o)A (e }:r)l

implies |o|=0 otherwise o--0=¢}£r conflicts with e=r

— 0| =0 <= o ¢

Therefore when ¢ |=r, Z(fm(r)) = Z(e). O

From an implementation standpoint, it is straightforward to rewrite any
SERE r into a unique representative of its equivalence class [r]= = {s €
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SERE | » = s}. This can be achieved by applying the above rewriting rules
during the construction of the syntax tree of r. In particular rule (A]) can be
implemented by considering these operators as n-ary (rather than binary),
and then rules and can be implemented by sorting operands and
removing duplicates. Rule can be implemented at construction as well,
by deciding € |= r using Proposition [2| below. From now on, we assume that
these rules are automatically applied at construction to any SERE we handle.

Definition 4 (Constant Term). The constant term of an expression r, de-
noted \(r) € {L,e} is a SERE defined inductively as follows for any Boolean
formula b and any SERES r1, 5.

Ab) = L A(ry Vrg) = A(r1) V A(r)

Ae)=¢ A1 Ara) = A1) A A(ra)

A(r i) = L A(risre) = A(r1) 5 A(r2)
Ary) =¢ A(fm(ry)) = A(r)

The above rules for V, A, and ; assume that the simplifications , , and
(U1) are used, so that the result is always an element of { L, ¢}.

Proposition 2. With the above notation, A(r) =€ iff e =r.

Definition 5 (NFA). A nondeterministic finite automaton is a tuple A =
(Q, 0,1, F) where Q is a finite set of states, § C Q x B(AP) x Q is the tran-
sition relation, v € Q) is the initial state, and F' C Q) is the set of final states.
We write s L5 d when (s, f,d) € 0.
A sequence of valuations o € ¥ of size n is accepted by A if eithern =0

and v € F, orn > 0 and there exists a sequence of transitions p = S Jo,

S1 ELNSNELEEN Sp such that so =1, s, € F, and for each i, o(i) = f;.

The language of A, denoted £ (A) is the set of words accepted by A.
A Deterministic Finite Automaton (DFA) is an NFA where transitions
leaving each state have mutually exclusive Boolean expressions. Formally, an

automaton 1s a DFA if for any two different transitions s Sy dand s Ls &
with the same origin, we have f A f/' = L.

Such automata are sometimes called symbolic finite automata [12], how-
ever in our case the alphabet is always finite, so they can be handled in a
usual way.



3. Building Automata using Linear Forms

In 1964, Brzozowski [9] introduced the notion of derivative of a regular
expression, allowing the construction of an equivalent deterministic finite au-
tomaton. This work was extended in 1995 by Antimirov [2], with a notion
of partial derivatives allowing the construction of a non-deterministic finite
automaton. More importantly, Antimirov introduced the concept of linear
form of a regular expression as a more efficient way to compute the set of
partial derivatives without having to iterate over the entire alphabet. Sim-
ilar approaches, that construct all successors of an expression at once, have
been devised for other formalisms such as KAT, which combines the alge-
bra of regular expressions with Boolean algebra [0], its synchronous variant,
SKAT [7], and temporal logic over finite-traces [15].

An extension of partial derivatives was proposed by Caron et al. [10] to
handle intersection and complement. Here, we adapt the concept of linear
form, to SERE with an alphabet over 247 and their specific operators. In
particular, the fact that our alphabet is exponential in the number of atomic
propositions makes linear forms much more attractive than partial deriva-
tives, because using the latter to build an automaton requires iterating over
exponentially many letters.

3.1. Linear Forms

Definition 6 (Linear Form). A linear form for a SERE r is a finite set
of pairs {(p1,s1), (p2,52),...} C 2BAPIXSERE where p € B(AP), p; # L,
s; € SERE and s; # L, such that |J, £ (p;i ; si) = Z(r) \ {}.

This definition differs from that of Antimirov [2] in that p; is a satisfiable
Boolean expression rather than a letter, and in that we explicitly forbid
s; = L. To simplify the upcoming notations we assume that any pair (p;, s;)
in a linear form we construct is implicitly ignored when p; = L; for instance
we shall write {..., (p; A =pj, si), ...} with the implicit assumption that the
pair (p; A —p;, s;) must be omitted when p; A —p; is not satisfiable.

As we saw in Proposition [2| an empty sequence may only be matched by
a SERE r if A(r) = e. If a non-empty sequence o is matched by a SERE
r, then Definition [0 implies that a linear form for r will have at least one
pair (p;, s;) such that ¢(0) = p; and o' | s;. As a mental model for a
linear form, it is useful to interpret it as the partial automaton shown in
Figure : the p;s are Boolean formulas evaluated against ¢(0), and the s;s
tell what SERE should be checked against the suffix o!+. The constraints,
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Figure 1: Automaton view of a linear form {(p1, s1), (p2, $2), ...} for a SERE r.

in Definition [6] that p; # L, and s; # L, prevent the creation of paths that
will not recognize any word.
A SERE may have multiple linear forms; some will be called deterministic.

Definition 7 (Deterministic Linear Form). A linear form {(p1, $1), (p2, S2),
...} 4s deterministic if for any i # j, p; ANp; = L.

Here is a linear form for the formula ¢ of Section [2|

L= {(btn/\ﬂred/\ﬁopn, ((—mred)”; red; (—red)*; red; (—red)*) A ((—opn)*; opn)),
(btnAredA—opn, ((—red)*; red; (—red)*) A ((—opn)*; opn)),
(btn/\ﬂrst, (—rst)*; rst),
(btn/\rst, 5)}

Ly is not deterministic because, for instance, btnAred A\—opn can hold
together with btnArst. Here is a deterministic linear form for ¢:

Ly = {(btn/\ﬂred/\ﬂopn/\—'rst,
(((—red)*; red; (mred)*; red; (—red)*) A ((mopn)*; opn)) V ((—=rst)*; rst)),
(btn/\ﬂred/\ﬂopn/\rst,
(((—red)*; red; (—red)*; red; (—red)*) A ((—opn)*; opn)) V €),
(btn/\red/\ﬂopn/\ﬂrst,
(((mred)*; red; (=red)*) A ((mopn)*; opn)) V ((=rst)*; rst)),
(btnAredn—opnirst,  (((—red)*; red; (—red)*) A ((—mopn)*; opn)) Ve) }

Property 1. Any linear form {(p1, s1), (p2, $2), ...} for an expression r can
be converted into a deterministic linear form for r.

The idea is that if p; A py Z L, then {(p1 A —pa, $1), (5p1 A P2, s2), (p1 A
P2, $1V S2), ...} is also a linear form for r



input : A linear form L
output: An equivalent deterministic linear form
L'+ o
foreach (p,, s2) € L do
L'+ o
foreach (p;,s1) € L' do
if 1A\ P2 §é 1 then

L" <= L" U{(p1 AN —p2,51), (p1 A p2, 51V 52)}

D2 < p2 A p1
L'+ L"u {(pg, 52)}
return L’

Algorithm 1: Determinization of a linear form.

Algorithm [I| shows an implementation of this idea by adding the pairs
(p2, s2) € L one by one to L and splitting any pair (p;, s1) € L’ that intersect
the pair (pg, s2).

From now on, we assume the existence of a function det that determinizes
a linear form. It could be Algorithm [I] or any other.

3.2. Linearization of SEREs

We now discuss how to convert a SERE into a linear form. For now
on, we assume that equations f are always applied, i.e., that we are
only working with unique representatives of each equivalence classes of =, as
discussed in Section [2

To simplify the notations, we extend the concatenation and fusion oper-
ators to linear forms: given a linear form L = {(p1, s1), (P2, $2)s - - -, (Pn, Sn) },
an operator ® € {;, : }, and a SERE r, we write L ®r instead of {(p,s®r) |
(p,s) € L,s ®r # L}. The notation works similarly for » ® L.

The following LF function turns a SERE into a linear form. It mostly
extends the “If” function of Antimirov [2, eq. (45)—(51)| to deal with SERE
operators and Boolean formulas.

Definition 8 (Linearization of a SERE). Assuming that b is a Boolean for-
mula, and that v, 1, and vy are SEREs, we define LF : SERE — 2B(AP)xSERE



as follows.

LF(L) =9
LF(e) = o
LF(b) = {(b,¢)}
LF(ry V7o) = LF(r1) U LF(r3)
LF(r*) = LF(r) ; r*
)

(pi, i) € LE(r1), A(si) =€,
(pj; s5) € LF(r2)

{(pi Apj, si Nsj) | (piysi) € LE(r1), (ps, s5) € LF(r2)}

{(pi; fm(s3)) | (i, si) € det(LF(r))}

As noted below Definition [6] we assume that when one of these equations
generates a pair (p;, s;) with p; = L, it is implicitly removed. Since we assume
that rules f are always applied, these equations cannot produce a pair
(ps, i) such that s; = L, but it could nonetheless be the case that Z(s;) = @
(for instance if s; = a A —a).

The above definition is ambiguous for LF(a; V ag) where aj,as € AP.
It can generate {(ay,¢), (az,e)} or {(a; V ag,e)} depending on whether a; V
as is considered as a Boolean formula or as a disjunction of two SEREs.
Both choices are valid, but our implementation will always prioritize the rule
LF(b) = {(b,e)} when it applies, to keep the linear form short.

To understand the definition for LF(fm(r)), it may be useful to give an
intuition of how fm(r) works. The SERE fm(r) may match o if only if o is
the shortest prefix of o matching r. An easy way to construct an automaton
for fm(r) is therefore to build a DFA for r, and then remove the outgoing
edges of all accepting states of that DFA. This is actually what the above
definition achieves. The use of det(LF(r)) is making sure that the linear form
is deterministic, and the use of fm(s;) serves two purposes: (1) it ensures
that upcoming choices will still be deterministic, and (2) more importantly,
by applying rule (F)), it cuts the successors of s; when € = s;. For instance,
LF(fm(a;a*)) = {(a,e)} because fm(a*) gets reduced to ¢ by rule (F).

To use LF in an algorithm for building an automaton that recognizes
Z(r), we need two theorems. First, LF(r) should be a linear form, i.e., it
should preserve the language of 7, except for the empty word (Theorem
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below). Then, the number of new expressions that can be created by applying
LF recursively has to be finite (this will be Theorem 2| later).

Theorem 1. LF(r) = {(p1, 1), (p2, $2), ...} is a linear form for r € SERE.

Proof. Let Z(LF(r)) designate |J; Z(p; ; 5;). Using Definitions [2] and [§] we
can show by induction on the structure of r that Z(LF(r)) = Z(r)\{e}. For
the regular operators, it was already established by Antimirov |2, Prop. 2.5|.

We show here the case of r : ry. For m € {1,2} assume that LF(r,,) =
{(p1*, s7), (p¥, s5'),...} is a linear form for 7y, i.e., that |J, L (p"; s") =
Z(rm) \ {e}. We would like to prove that Z(LF(ry:7r2)) = ZL(r1:19) \ {e}.

Since .Z(ry:72) may not contain € by definition, we just have to prove that
for any sequence o € ¥* we have 0 = Z(LF(r; :1m3)) <= o = ZL(r1:12).

(<) Consider o in Z(ry : r3). By Definition [2] there exists k& > 0 such
that 0% = r; and o® |= rs.

If k=0, 0! = ry implies that there exists a pair (p},s;) in LF(ry) such
that o(0) = p} and A(s}) = . Furthermore since o |= ry, there exists a pair
(p3,s3) in LF(ry) such that o(0) = p3. We can see in Definition [§| that the
pair (p; A p3,s?) exists in LF(ry : 1), therefore o € L (LF(ry : ).

If k> 0, o*1 |= r; implies that there exists a pair (p}, s}) in LF(r1) such
that 0(0) = p! and o'** = sl Since we know that o* = ry, it follows
that o'~ |= s! : 7. By definition (p}, s} : r5) belongs to LF(ry) : 7, which itself
belongs to LF(ry : 73). Therefore o € Z(LF(ry : 13)).

(=) Consider o in Z(LF(ry:r2)). Looking at LF(r; :75) in Definition [3]
either ¢ is matched by the left part of the union, or by the right part.

If it is matched by the left part, there exists a pair (p;, s; : o) such that
o(0) = p} and o' = s} : ro. The latter implies that there exists k > 1 such
that ol**! = s} and 0% = ry. Therefore we have o%**1 = 7 and o* = ry,
which implies o € Z(ry : 12).

If it is matched by the right part, there exists a pair (p} /\p?, 33) € LF(ry:ms)
such that o(0) = p;, A(sj) = ¢, 0(0) = pj, and o' |= s5. The first two
constraints imply that %! = r;, and the latter two that o' | ry. It follows
that o =7 : 7o.

Other operators can be proven similarly. O]

3.3. Automaton Construction

The traditional way to construct a finite automaton from such a linear
form is to associate its states to regular expressions. For a state r, we inter-
pret the pairs (p;,s;) in LF(r) as a transition r 2% s;. Algorithm [2| shows a

10



input : A SERE ¢
output: An automaton A such that £ (A) = Z(¢)
Q,6,F < {¢},2,0
todo.push(¢)
while todo # @ do
f « todo.pop()
foreach (p,s) € |LF(f)|do
if s ¢ ) then
Q < QU {s}
todo.push (s)
if A(s) = ¢ then
| F« Fu{s}
S oU{fL s}
return (Q,0,0,F)
Algorithm 2: (baseline) Translation of a SERE ¢ to a NFA. Remember
that rules — are always applied.

straightforward implementation of that construction. Final states are those
that correspond to expressions that accept the empty word.

Let Terms(¢) designates the set of SEREs that appear in ) at the end of
Algorithm [2} This set can be defined using the following recursive definition.

Definition 9 (Terms). For r € SERE, let Terms(r) denote the smallest
subset of SERE such that r € Terms(r) and for each ¢ € Terms(r) and each
(pi, i) € LF(¢) we have s; € Terms(r).

Assuming that |Q] = |Terms(¢)| is finite, which we shall prove in the next
section, the fact that Z((Q,d, ¢, F)) = £(¢) follows from Theorem [1}

Although Terms(¢) is defined as the smallest subset of SERE recursively
produced by LF, the resulting automaton is not necessarily minimal in terms
of number of states. Since we only use syntactic equivalence, the construction
can produce two states labeled by SEREs r; # 7y such that £ (r1) = £ (r2).

This algorithm can be altered in several ways in attempt to simplify
the resulting automaton. Section {| discusses ways to simplify the linear
forms | LF(f) | before they get used in Algorithm . Section |5| proposes larger
modifications of Algorithm [2 meant to fuse states with identical linear forms.
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3.4. Proof of Termination of Algorithm

To ensure termination of our translation algorithm we should prove that
Terms(r) is finite: this is the upcoming Theorem . Our proof is inspired by
a similar theorem by Antimirov [2, Theorem 3.4|, however the results differ
because of the new operators we support. Specifically, Antimirov did not
support operators ‘A’, ¢, and ‘fm’.

Like Antimirov, we start by introducing a notion of partial derivative |2

Definition 2.8] which we adapt to our SEREs, where the alphabet is 3 = 247,

Definition 10 (partial derivative). Given an expression r € SERE and a
valuation x € ¥ = 247 we denote 0,1 the partial derivative of v with respect
to x defined by:

o.r ={s| (p,s) € LF(r), z E p}

We extend partial derivatives to the case 0, R where R C SERE s a set of
expression, in a natural way: 0,R = U,cg0,r. We also extend the notation
to support derivation by a nonempty word w € X1 with Oy = Oyt Ow(o)T

Furthermore, we write Os+1 = |J,yexr Ouwr for the set of all partial deriva-
tives one can obtain using nonempty words of any length.

Using the above notation, we have Terms(r) = Os+r U {r}.

Let us extend our Definition (] of the constant term \ so it also works on
a set R C SERE of expressions with A(R) = \/, .z A(r).
For x € ¥, the following equalities follow from the Definitions [§] and [I0

0,1 = (1)

Ope = @ 2)

o — {{g} if 7 |= b 3)
o else

0 (11 V1) = 0pry U Oy (4)

Opr™ = (Dpr1) 577" (5)
Ou(r157m2) = ((0xr1) 3 72) U (A(11) 5 Oura) (6)
Op(r1 :12) = ((Opr1) : r2) U (N(Op11) ; Opta) (7)
Ou(r1 Am2) = {p1 Ap2 | p1 € Op11, P2 € Oua} (8)

(V)
SE0,T

12
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Definition 11 (Suffix set). Given a nonempty word w € Xt let Sfr(w)
denote the set {w" | 0 < i < |w|} of nonempty suffizes of w.

Lemma 1. For w € £ the following (in)equalities follow from (1)~(9):

8w(7"1 V 7"2) = (8w7‘1) U (8wr2) (10)
2w C | J @) (11)
veSfz(w)
Ou(r1572) C ((Owr1) U OyTa (12)
vESfz(w)
Ou(r1:m2) C(Qur) i) U | o (13)
veSfz(w)
Ouw(ri A12) = {p1 Ap2 | p1 € Our1, P2 € Oura} (14)
dpfm(ry) = { \/ s} (15)
SEDT

Proof. Equations (L0)—(12)) are already known results [2, Lemma 3.3|.
Let us prove again, using our notations. Deriving r; ; ro using @
and words of increasing lengths, we have the following:

Oa(r1 3 72) = ((Oar1) 572) U (A(11) 5 (Dar2)) for a € X3
Ous(11:72) = ((Oapr1) 3 72) U (AM(0ar1) 5 (Opr2)) U (A(11) 5 (Oupr2) ) for ab € X2
Oabe(11572) = ((Oaper1) 5 72) U (A(Oapr1) ; (0e12)) for abc € ¥3
U (A(Dar1) 5 (Oper2))

U (A(r1) 5 (Qaver2))

Since those A(71), A(0,71), A(Oapr1)... are used to conditionally enable the
subsequent terms, it should be clear that for any word w € X7, the set
Ow(r1 5 r2) contains ((Oyr1) ; 72) and a subset of |J,cgp () Ovr2, justifying
equation ((12)).

13



Equation is proven similarly:

Oa(r1:72) = ((Qar1) i 72) U (A(Dat1) 5 (OaT2)) fora e X

Oap(r1:72) = ((Oapr1) 1 72) U (M Oapr1) 5 (Opr2)) for ab € ¥?
(A(Gar1) 5 (Dapr2))

(A(Oaper) 5 (Ocrra)) for abc € ¥3

(A(Qabr1) 5 (Ober2))

(A(Dar1) ; (Oapera))

Finally, equations f follow immediately from f@. O

U
U
Oabe(r1:72) = ((Oaper1) 1 72) U
U
U

Lemma 2. For two SERFEs 1 and ro we have:

|82+ (7”1 V TQ)
|0+

2+7’1’ + ’82+7’2|
62+Tﬂ

|az+<T1,7Q +T1|%—|82+Tﬂ

|

il <

)| <105

|05+ (11 2 779) |Os+ 71| + |Os+72]

|05+ (r1 A Tg) |Os+71] X |Os+173]
)

I/\ VAN VAN VAN VAN VAN

]82+fm (7’1 2195+l

Proof. These inequalities are consequences of equations f and Defi-
nition [I0L

|0s+(r1 V)| = U Ow (11 V 13) by Def. [10]
west
= U (Our) U (0ur) by
west

= |(Og+71) U (Os+712)] by Def.
< |Og+11| + |Os+ 2]

|0g+ 77| = U Oury| < U U (0p71) by Def. [10] and
weXt weXt veSfz(w)
* ef. *
< | U @ury) s 7| PE (01 5 73] = 105
welt
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|Os+(r157m2)| = U Ow(r1572) by Def.
wext
< U ((Owr1) ;72) U U Dy by
wenT veSfr(w)
— ( U (8wr1) ; Tg) U U aw’f’g
wext went
= [((Og+71) 1 72) U (Ox+72)] by Def.

< |Os+r1| 4 |05 7]

The proof that |Os+(r1:72)| < |Os+71| 4 |Os+79] is exactly the same as above,

using instead of .

|8E+ (Tl VAN T2)| = U 8w(r1 N 7’2) by Def. @

weXt

= U {p1 Apa | p1 € Ouwr1, P2 € Ourra} by

wedt
< {p1 Ap2 | p1 € Os+711, pa € Os+72}
S |82+’f‘1| X |82+T2|
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Osfm(r)| = | | dufm(r)] by Def. [I0]

wext
:{fm(\/p)'weifr} by ((15)
PEDwT1
< {fm<\/ p) ‘ Pe (92+7”1}‘ = 9lOs+71]
peEP

Corollary 1. For any expression r, the set Os+r is finite.

Proof. Straightforward induction on the grammar of r, using Lemma O
Theorem 2. For any r € SERE, Terms(r) is finite.

Proof. Since Terms(r) = ds+r U {r}, this follows from corollary [1} O

From the inequalities in Lemma [2| one can observe that the added op-
erators do not have the same cost. In particular A incurs a quadratic cost,
while fm leads to an exponential blow up.

Corollary 2. For a SERE r, let ||r|| denote the number of occurrences of
mazximal Boolean subformulas in r (i.e., the number of times rule “b” was
used to produce r with the grammar given in Definition @)

1. If r does not use operators A and fm, we have |Os+r| < ||r]|.
(In other words, adding the “.” operator to the set of classical regular
operators preserves the bound established by Antimirov [2, Theorem

3.4].)

2. If r does not use operator fm, we have |Os+r| < 2"l

Proof. Straightforward induction on the grammar of r, using Lemma m

4. Linear Form Simplifications

When constructing an automaton from a linear form, it is possible to al-
ter the shape of the automaton constructed by transforming the linear forms
it uses into other, equivalent linear forms. In this section we present a few
transformations that aim at simplifying linear forms. By “simplifying” we
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mean to reduce the number of pairs in the hope that this results in a smaller
automaton. Simplifying a finite automaton can of course be done after its
construction using more traditional algorithms like bisimulation-based reduc-
tions [23], however it is always good to look for cheap opportunities to keep
the intermediate automaton small.

Definition 12 (Unique Suffix and Unique Prefix simplifications). Let L be
a linear form, let MergePre(L, s) = \/(, i<, p be the (Boolean) disjunction of
all prefizes sharing a given suffiz s, and let MergeSuf(L,p) = \/(M)GLS be
the (rational) disjunction of all suffizes sharing a given prefix p.

We define US (unique suffizes) and UP (unique prefizes) as follows:

US(L) = {(MergePre(L,s),s) | (p,s) € L}
UP(L) = {(p, MergeSuf(L,p)) | (p,s) € L}

Replacing LF(f) by US(LF(f)) in Algorithm 2| is equivalent to merging
the edges of the automaton that have the same source and same destination.
For instance US({(a,r), (b,7)}) = {(a V b,7)}.

Replacing LF(f) by UP(LF(f)) in Algorithm [2|is merging outgoing edges
that share the same label. In Antimirov’s setup [2], where prefixes of linear
forms are letters, using UP would create a deterministic automaton. However,
because in our setup prefixes are Boolean formulas, this is not the case: UP
can remove some non-determinism, but the result will not necessarily be de-
terministic. For instance the non-deterministic linear form {(a, ¢1), (aAb, ¢2)}
is unchanged by UP. If we wish to construct a deterministic automaton, we
can use det(LF(f)) (see Proposition [I)). Our intent with UP is therefore
not to produce a deterministic automaton, but to help reduce the size of a
non-deterministic result.

We should point out that the equivalent of Theorem [J] still holds when
UP(LF(f)) is used because the terms created by this new variant are disjunc-
tions of terms created by the original construction.

Unfortunately, it is also possible that using UP will introduce new ad-
ditional states in the automaton. For instance UP({(a,q), (a,q2), (b, q1),
(b, q2)}) = {(a, 1 Va2), (b, q1), (b, g2) } would be introducing the state ¢;V¢s
that was not present initially.

Because US only merges edges, it sounds natural to use it together with
UP. However, while it is possible to find cases where replacing LF(f) by
US(UP(LF(f))) is better than replacing LF(f) by UP(US(LF(f))), the op-
posite also exists. For instance, figure 2| shows one case where replacing
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a

—>a\/oz/z)\ ba —la Vo a\/bb

b y‘ b b

eV« 5\/a

with LF(f) with US(UP(LF(f))) with UP(US(LF(f

|

~—

)

Figure 2: Three equivalent automata built with variants of Algorithm |2| for the formula
a V a where o abbreviates b* : b. (Note that « is equivalent to b* but the algorithm
does not know that.) We have LF(a) = {(b,¢),(b,a)} so it follows that LF(a V o) =
{(a,€), (b,¢e), (b,a)}. Applying UP first on the initial formula does not leave anything for
US to simplify: US(UP(LF(a V «))) = UP(LF(a V @)) = {(a,&), (b,e V a)}. Conversely,
applying US first makes UP useless in this case: UP(US(LF(a V «))) = US(LF(a V a)) =
{(aVb,e), (b a)}.

b
bAc
v:8) b CABVY) B b b (BV7); 6
with LF(f) with US(UP(LF(f)))  with US(UP(LF(f)))

Figure 3: Three equivalent automata built with variants of Algorithm [2| for the formula
B* where 8 = (b* A (1V (15¢))*). We also use v = (b* A(c; ((1V (1;¢)*))). We have
LF(8%) = {(b,8; 8%), (b, : )}, LF(8 5 B*) = LF(8), and LF(y; 8%) = {(b A<, B; A)}.
The order of US and UP does not change anything when processing the initial state; we
have US(UP(LF(8*))) = UP(US(LF(5*))) = {(b, (B V ) ; 8*)}. However it does have an
influence when processing (5V ) ; 5*. Let us call L = LF((8V~);8*) ={(b,8;6),(b,~;
6%, (b A e, 35 B*)}. Then US(UP(L)) = UP(L) = {(b,(8V 7): ), (b Ac, 8 B)} but
US(L) = {(b, 8 8*), (b,7; 5*)} and therefore US(L) = {(b, (8 V) ; 5*)}-

LF(f) by US(UP(LF(f))) in Algorithm [2| produces a smaller automaton than
when using UP(US(LF(f))). Figure |3| shows an opposite case, where using
US(UP(LF(f))) results in a larger automaton than with UP(US(LF(f))).

5. Signature and Transition-Based Variants

We now discuss variants of Algorithm [2] Those variants can also benefit
from the previous simplifications.
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Figure 4: Automaton for ¢ = (a;a*): (@* ;a)*. We have LF(¢) = LF(a* : (@* ; a)*)
{(a,a*: (@ ; a)"), (a,(@" ; @)*)}, and LF((a*; a)*) = LF((@ ;a); (a*;a)*) = {(a, (@
a)*), (a, (@ ;a); (@ ;a)*)}.

Consider the automaton of Figure[d where the first two states are labeled
by formulas that have the same linear form, and so are the last two states.
If two expressions r; and ry have the same linear form LF(r;) = LF(rg),
it implies that Z(r;) \ € = Z(r9) \ €. Therefore, states that correspond
to formulas with the same linear form (i.e., states that have identical sets
of outgoing transitions) can be merged if they are both accepting, or both
rejecting. Thus, the first two states of Figure [4 could be merged.

We can obtain such a merge automatically if we modify our translation
as in Algorithm [3| to label each state by a pair (LF(¢), A(¢)) that we call the
signature of . This gives the automaton of Figure [5]

Currently, the last two states of Figure [5| may not be merged because one
is accepting while the other is not. We could however merge them by changing
our automaton formalism such that the notion of acceptance is carried by
the transitions instead of the states. Although finite automata are seldom
used with transition-based acceptance [27], w-automata (i.e., automata over
infinite words) with transition-based acceptance have been used for a long
time as they often lead to simpler algorithms |25 2], 22] 20} 26], to cite a
few|. Let us define a transition-based finite automaton:

Definition 13 (TFA). A transition-based finite automaton is a tuple A =
(Q, 0,1, ) where Q is a finite set of states, § C Q x B(AP) x B x @ 1is
the transition relation, 1 € @) s the initial state, and 8 € B is a Boolean
indicating whether € should be accepted.

We write s 2% d when (s, f,b,d) € 0.
A sequence of valuations o € X" of size n is accepted by A if either

=0and 8 = T, orn > 0 and there exists a sequence of transitions

n— 7bn7
- Jfosbo s 51 f1,b1/ o frn—1 1/ s, such that sy = L, byp_1 = T, and fo’r’ all
( ) = fi-
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input : A SERE ¢ input : A SERE ¢

output: An NFA A such that output: A TFA A such that
Z(A) = Z(¢) Z(A) = Z(9)
Ly, b+ LF(¢)> [)‘(¢) = 8] Ly, b, LF(¢>7 [)‘((b) = 5]
Q,0,F «{(L,b)},2,2 Q,0 +—{L}, o
todo.push((L,,b,)) todo.push(L,)
while todo # @ do while todo # @ do
(L,b) < todo.pop() L < todo.pop()
if b then foreach (p,s) € L do
L F«+— FU{(L,b)} L'V « LF(s), [\(s) = €]
foreach (p,s) € L do if ' ¢ ) then
L'V < LF(s),[A\(s) = €] Q<+ QU{L}
if (L',V) ¢ Q then todo.push (L)
LQ*QU{W?(")} 5 su{L ™ 1y
todo.push ((L/, ")) return (Q,0, L., b,)
L 0 dU{(L,b) = (L, 0)} Algorithm 4: (trans.-based)
return (Q, 9, (L,,b,), F) Translation to  transition-based

Algorithm 3: (sig.-based) Trans-  automata, identifying states with
lation that identifies states with  identical linear form regardless of e
identical linear form and identical ¢ acceptance.

acceptance.

The language of A, denoted £ (A) is the set of words accepted by A.

In other words, transitions of a TFA carry an extra Boolean that is used to
mark the transition as accepting, and a word is accepted if it is recognized by
a run whose last transition is accepting. Graphically, we represent accepting
transitions using arrows with double lines. The acceptance of the empty word
is indicated by a special Boolean (3 in the definition, and can be represented
graphically by using double lines on the arrow indicating the initial state.

TFAs enjoy properties similar to traditional finite automata: they are
as expressive as regular expressions, and are closed under Boolean opera-
tions [27]. However, they can be slightly smaller, as we shall see in our
evaluation. For instance, Algorithm [4] generates the TFA of Figure [6] which
is equivalent to the NFA of Figure [5

We have additional motivation for using TFAs. The reason we are work-
ing on translating SERE to automata is that SEREs are part of the PSL
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Figure 5: Automaton obtained by merging states labeled by formulas that have the same
linear form and the same acceptance of ¢.

a a

A

—>@_F((a pa¥):(ar; a)*D=a> LF((a*;a)*) a

Figure 6: Transition-based automaton obtained by merging states labeled by formulas that
have the same linear form, regardless of the acceptance of ¢, since the latter is decided on
transitions.

and SVA standards. However, the PSL/SVA standards assume a SERE
will always match a non-empty word. Therefore, the Boolean g that we
added to the definition of a TFA to allow it to recognize £ can simply be
ignored. Furthermore, as we translate a PSL formula into an w-automaton,
we build upon translation algorithms that naturally produce transition-based
w-automata [I3]. In this context, it seems more natural to have SERE con-
verted into TFA. The fact that TFA are more succinct comes as a bonus.

6. Experimental Evaluation

A reproducibility package, archived at https://doi.org/10.5281/zenodo.
15069061, contains our implementation, a Jupyter notebook to use it inter-
actively, and scripts to reproduce our experiments.

6.1. Implementation Considerations

Our algorithms have been implemented in a development version of Spot [14].

Since all SEREs handled during translation are combinations of sub-
formulas of the original SERE, we represent all SEREs as a direct acyclic
graph in which each sub-formula has a unique representation. A node in this
DAG stores an operator and a list of pointers to the nodes of its operands. A
global unicity table allows to map a pair (operator, operands) to the unique
node that represents it if it exists in the graph. Additionally, we apply the
rules — (from page [4) during the construction of the node. In particu-
lar, for rule (Al), we handle associative operators as n-ary operators, and we
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inline their operands when they have the same top-level operator. Rule ((C))
is achieved by sorting all operands (for instance in their node creation order),
and this then makes it easy to locate duplicate elements for rule .

Linear forms, as introduced in Definition [6] are sets of pairs (p;, s;) where
p; is a Boolean formula which we represent as a BDD, and s; is a SERE.
Several data structures could be used to represent a set of such pairs, and
the choice of the data structure could also depend on whether we later plan to
use UP or US. For instance if one plans to use UP, it is tempting to represent
linear forms as hash maps that map each p; to its s;, so that the latter can
be updated whenever a new pair (p;, s;) is introduced into the linear form.
However, during development, we noticed that linear forms were usually very
small (average 3.12, median 1), making the construction of such mappings
more expensive than simpler data structures. As a consequence, we simply
represent them as arrays of pairs. If UP or US needs to be applied, we first
sort those pairs by prefixes or suffixes, and then merge the relevant pairs.

The results presented hereafter differ from those presented at CIAA’24 [24]
because we uncovered a flaw in the implementation while preparing this ver-
sion. In our previous implementation, the array of pairs representing the
linear form could have duplicate pairs and were not sorted: these duplicate
pairs appeared as extra edges, prevented some signature matches, and made
the effect of UP and US much stronger than it really is. In the current im-
plementation, the vector is also sorted when UP or US is not used in order
to remove duplicate pairs.

6.2. SERE Benchmark Random Generation

We are not aware of any existing benchmark of industrial-grade SEREs
or PSL formulas. The PROSYD project built a handbook of many PSL
examples formulas [5], unfortunately most of their SEREs are very small. To
test their PSL translation, Cimatti et al.| [LT] reused the above examples, but
replacing all SEREs by random ones to make the formulas more difficult.

In the absence of any better source for SEREs, we resort to evaluating
our work on randomly generated inputs; this is probably not representative
of realistic use-cases of SEREs. We generated random SERE usings Spot’s
randltl| tool, with equal probability of occurrence for all SERE operators.
To ensure a diversity of SERE length and number of atomic propositions, we
grouped the random SEREs into bins of expressions with equal size (number
of nodes in their syntax tree) and equal number of unique atomic propo-
sitions, capping each bin to 50 expressions. The resulting set has 12500
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unique SEREs with sizes ranging from 1 to 35, and between 1 and 15 atomic
propositions.

6.3. Results

Benchmarks were run on an AMD Ryzen 5 3600 CPU, with 16GB of
RAM, and with core frequency capped to 2.2GHz to minimize the impact of
throttling on timing measurements. For each SERE, we evaluated variants of
the translation by measuring the number of states and edges of the produced
automata, as well as the time needed to produce them.

All scales are logarithmic. Scatter plots that show number of states use
a jitter of £0.4 over their position to distinguish points. The numbers in the
top left and bottom right corners of the plots specify how many points are
strictly above or below the diagonal.

Plots refer to Algorithm [2] [3| and [4] as Baseline, Sig and Trans respectively.

Figure [7] compares these three algorithms in terms of number of states,
number of edges, and run time. We can observe that, with respect to the
number of states and edges, Sig improves upon Baseline, and Trans improves
upon Sig. The 620 cases where Trans improves upon Baseline represent 5%
of the set of 12500 formulas tested. Time-wise, the three approaches seem
hard to compare because of the large amount of very quick cases, where time
measurement is inherently noisy. Looking at the cases with a larger run-
time, it seems that using signatures causes a slowdown over the baseline, but
the transition-based version compensates this slowdown and has a runtime
comparable to the baseline algorithm.

We checked the determinism of the automata produced by the three trans-
lations. Out of the 12500 automata we produced, only 2448 (19.6%) are non-
deterministic. This number is the same for all three algorithms: the bench-
mark does not contain any case where merging states that have equivalent
signatures turns a non-deterministic automaton into a deterministic one.

The effect of UP on the three algorithms is shown by Figure Bear
in mind that UP may only have an effect on non-deterministic automata.
However, when translating a SERE we do not know upfront if the result will
be deterministic or not, so we present results on the whole dataset again. UP
has a very mitigated results on Baseline: it improves the number of states of
the automaton almost as often as it worsens it. The effect on slightly better
on Sig and Trans. The number of edges follow a similar trend.

If we compare the 122 cases of the middle-right plot, where UP reduces
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Figure 7: Comparisons of Algorithm [2| (Baseline), Algorithm [3| (Sig), and Algorithm
(Trans).

the number of edges for Algorithm |4} this represents 4.9% of the 2448 non-
deterministic automata produced without UP.

In addition to the small reduction in states and edges, using UP reduces
the number of non-deterministic automata produced by the three algorithms
to 2409. This is a very small improvement, but the effect of using UP on run
time is completely negligible: if UP is used, the implementation has to sort
each linear form according to the prefix of its pairs, and then merge pairs
with identical prefixes; if UP is not used, the implementation has to sort each
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Figure 8: Effect of UP on the three algorithms.

linear form to detect duplicate pairs and remove them.

Figure [9] shows the effect of US. As expected, we see a large reduction of
edges, regardless of the algorithm used. The runtime with or without US is
almost unchanged, so this reduction in edges does not come at a significant

computational cost.

Figure (10| shows that in practice, the impact of the order of application
between UP and US discussed in Section [4] is rather limited, producing au-
tomata with a different number of states in only 20 cases out of our 12500

formulas.

25

Since the difference is in favor of US o UP, we show the effect



104 0 104 0 104 0
w —
[ —_ n
210° ©10° g10°
k] =) °
2 3 z
3 10° . v 10? . 5102 .
OEJ % 8, . + R . ; e .
210 e - a10' I 5100 s 5
2 A . e e . F Z A
10017 s e = 1276 RIS by [ 1001 e e = 1276
10° 10" 10° 10°  10* 10° 10" 10> 10®° 10 10° 10" 10° 10°  10*
Baseline (edges) Sig (edges) Trans (edges)
10ms
6931 roms| 6881 roms] 6731 .
?EJ A —
o — e []
o— . o o ) :
R4 . * o I X7 > g .
v Tms s . =) . . = A
2 . » 1ms - g 1ms . g
o . ) T £
c ‘: + . wn
= . o . o £ . 3
2 3 o d = S
K K . . oL y
100ps > 100us £ 100ps] |
e 5565 5613 . 5767
100us Tms 10n 100ps Tms 10ms 100ps Tms 10ms
Baseline (time) Sig (time) Trans (time)

Figure 9: Effect of US on the three algorithms (states are not shown, because they are
unaffected).
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Figure 10: Comparison of

UP o US versus US o UP Figure 11: Impact of US o UP on Algorithm

of that combination of Algorithm [4] in Figure [I1} the number of states is
marginally reduced, and the number of edges is very largely reduced. The
latter reduction is expected, as US can only merge edges.
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7. Conclusion

We adapted Antimirov’s non-deterministic automata construction based
on linear forms, to the semi-extended regular expressions used by the PSL
and SVA standards.

To evaluate the translation, we constructed a SERE benchmark dataset,
which we hope can be reused in future work to compare different SERE, PSL
or SVA translators.

We also introduced alternative translation algorithms that use the lin-
ear form to simplify the automaton during its construction, or that build a
transition-based automaton. While the new constructions can only construct
smaller automata, and have a either negligible or no runtime overhead, the
best translation (the transition-based one) improves only the size of 5% of
the automata of our entire benchmark.

As these SERE are defined on alphabet of the form 247, we introduced
some rewritings (UP, US) of these linear forms. While it was clear that
US would reduce the number of edges by merging them, we focused our
evaluation on the effect of UP. The impact of UP turned out to be very limited
with marginal improvement for no runtime costs. (These results differ from
our previous work at CIAA’24 [24] because that previous implementation
had an implementation flaw its baseline.)

Our conclusion is that using transition-based automata, labeling them
with linear forms, and simplifying those linear forms with UP and then US
are cheap and effective ways of keeping the output small. A compact output
matters in applications where the automaton is constructed on-the-fly or only
partially, and therefore cannot benefit from subsequent simplifications. Sat-
isfiability, which cannot be decided syntactically because of the intersection
operator, is one such problem.

In future work, we aim to integrate this SERE translation into a larger
PSL translation procedure that produce Biichi automata with transition-
based acceptance. This was our main motivation for building a transition-
based SERE translation. We believe it would also make sense to reimplement
linear forms using multi-terminal binary decision diagrams, as done by Duret-
Lutz et al.| [I5] in the context of LTL; synthesis.
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